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Vi, i ∈ N
upcu©qya|Kb®£uov¥¦a§xc'm ª v¯n©_°¦amp|§±synpc'§xl'|KqXn©vxqVsa|Ksam$§¥ ª pi(y). ¡ c²mompsab$cnp_]n pi, i = 1, ..., n upc.avxc'!c ª v±moc²yvx³Tc'upc!qµ´n©v¥¦a§±crqa ª cMyc!£Kc!§±|K.eavx³Tc'uoc'qXn©v±§G§x'sa§xsamD|¨h§x§±v¥G£Nv±qn¶lNTc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pi(ω, y) = 1[0,1](y)
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mpv±b$a§xcrvxacG ª _avx_6Tc!upb$vxnpm½np|'qa'c!§np_acr¦T|Kuoac'u½n©c!upb$mB ª cgvxqXn©up|Nasa!cv±q$|Ksau5'§±!sa§±sym mo|Kb$c ª c'v±_Vnpm πi ª _av±_·upcqNsy§±§4v±q$n©_acrT|v±qXn©m |¨0mov±qaKsy§¥uovxn¶l¼|¨ pi´v±qnp_acauoc!£Nv±|Ksym{cyb$a§±c ª cb3[len >c πi(y) = yα(1−y)α ª vxnp_¼mp|Kb$c α ∈ (0, 1).^_ac'q ª c$|¦ynvxq 6mon©qa]upOas]§xvxn¶l²upc!§¥npv±|Kq²¦Tcn ª c!c'q np_ac$h§x§±v±[£Nvxq²ac!upv¯£~n©vx£cqa·np_ack:>|Kup|_a|µ·v±qXn©c!Ku©§Tqa3n©_ac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n©_avxm¼aup|N'c!c'avxqaKmB.n©_ycyvx³Tc'upc!qXn©v¥§%|Kc'u©~n©|Kuom$vxqX£K|K§¯£Kc n©_ac ª c'vxK_Xn©m πi qa­np_ac'vxuac'uovx£n©v¯£Kc!m'¿¶qn©_ycryupc!£Nvx|Ksam{cyb$a§xc
π′i(ω, y) = α(y
α−1(1−y)α−yα(1−y)α−1).^_ac'moc·ac!upvx£npvx£c'm
¦a§±| ª sa vxq«np_acqac'vxK_V¦T|up_a|N|µO|¨Dn©_ac$mpvxqaKsa§±upv¯n¶l|KvxqVnpmeqan©_avxmDauo|µysa'c!m5mp|b3crqa|Kq·npupv¯£µv±§]v±qXnpc'Kup¦av±§xvxn¶l,aup|¦a§±c!b3m!¿½kµ||qacg_]mDn©|,upc'§±v'crq
c'wVsav±§xv±¦auov±sab ¦Tcn ª c!c'q¼n©_yc5mpc'c!¼|¨]!|KqX£Kc'uoKc'qy'cn©|'c'uo|qa,n©_acDmpc'c' ª v¯n©_ ª _av±_n©_ac
ac!upvx£npvx£c'm)|¨np_ac ª c!v±K_Xnpm¦a§x| ª sav±q n©_yc,mov±qaKsy§¥uovxn¶l3T|KvxqXn©m'¿½^_avxm)§±cGamn©|qy|Kq²yc'Kc!qac'up!l.!|Kqaav¯n©v±|q ª _av±_v±qX£K|§x£Kc!mn©_ac ª c'v±_Vnpmrqa.n©_ac!v±uac!upvx£npvx£c'm'¿^_ycgv±qXnpc'Kupn©vx|Kq3¦Xl$]un©m ¨I|Kupb>sy§¥v±m c'mn¦a§xv±mo_ac'6vxq6kNc'!npv±|Kq6µ¿ kµvxqa'crqVsab3c!upvç´
G§R§±K|upvxnp_ab$m vxqX£K|K§¯£KcM|Kqy§xl$¨Isaqa!npv±|Kqym5|¨ ]qyvxn©cgqNsyb>¦Tc!u%|¨£upv±¦a§xc'm ª ca|¼qy|nac!£c'§±| _ac!upc$q«v±q aqavxnpc>av±b$c'qympv±|q]§{h²§±§xv¥G£Nv±qÉ'§±!sa§±sam¦ysyneupc'mn©uov±!ne|Ksyupmpc!§x£c'm
n©|mpvxb3a§xcM¨Isaqan©v±|q]§±m!¿{¶qÉkNc'!npv±|Kq ; ª cesamocenp_ac,vxqXn©c'u©npv±|Kq ¦Xl.]un©m¨I|Kuob>sa§¥>vxq|Kupac!un©|'|Kb$asynpcnp_ac Lgc'§¯n ? ac!upvx£npvx£c ª vxn©_«upc!mpc'n,np|np_ac3vxqavxnpv¥§'|qaavxnpv±|KqA¨I|Ku½syup|KcGq |Kynpv±|Kqame¦]moc' |Kq¸q mpmoc!n ª _av±_«¨I|K§±§x| ª me.asauoc
}osab$ yvx³Tsampvx|Kqc'wVs]npv±|Kqqav±qkNc'!npv±|Kq ª ceKv¯£KcqVsab$c'upvxG§Rupc'mosa§xnpm'¿
  e')1·! #%e!#% !*~
	»! .!..#D.
'
 ! #"%$'&)(+*,"
¡ c²'|Kqamov±ac!u6«aup|K¦a¦av±§xvxn¶l mo]!c
(Ω,F , P ) % mosa¦ σ− §±c'¦aup G ⊆ F qaºmpc'wVsac!qa'c,|¨upqaa|b£upv±¦a§xc'm
Vi, i ∈ N
¿ ¡ c
ac!qa|n©c Gi = G ∨ σ(Vj, j 6= i) ¿  sauv±b vxmenp|moc!npnp§±c3q vxqXn©c'u©npv±|KqO¦Xl«]uonpm,¨I|Kuob>sa§± ¨I|ue¨Isaqy!n©vx|Kq]§xm
|¨
Vi

i ∈ N 
ª _av±_ v±m.q]§±|Ksac'm3n©|¸n©_yc«|qac v±qºnp_ac«h§x§±v¥G£Nv±q G§x'sa§xsam'¿ ^_ac σ ´ §±Kc!¦au© GacGuomevxq |Kupyc'un©|.ac!mp'uov±¦c$§±§np_ac¼u©qaa|Kb$qac'mom ª _av±_«v±mqa|n,vxqX£K|K§¯£Kc'«v±qÉnp_acavx³Tc'uoc'qXn©v±§R'§±!sa§±sam!¿
¡ c ª v±§x§ ª |Ku>|Kq
mp|Kb$c{mpcn A ∈ G ª _av±_ ª v±§x§¦c  µc'n©_yup|Ksa_
np_av±mRmpc'n©vx|Kq ¿ ¡ cac'qa|n©c
L(∞)(A)
np_ac,mo]!c,|¨n©_ac
upqaa|Kb*£uov¥¦y§±c'mmosa_²np_]n
E (|F |p 1A) < ∞
èIéê0èIë
 
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p
¨I|Ku§±§
p ∈ N qa L(p+)(A) ª v±§x§ ¦c3np_ac·mo]!c·|¨np_ac·upqaa|Kb £uov¥¦a§xc'm F ¨I|Ku
ª _av±_6np_ac'uocMcµv±mn©m%mo|Kb$c δ > 0 mpsa_ n©_an E
(
|F |p+δ 1A
)
< ∞ ¿ ¡ cmompsab$cgnp_]n
 Â{Å  Á :
	
Vi ∈ L(∞)(A)

i ∈ N 
4|u$c'_
i ∈ N ª c²'|Kqamov±ac!u·mo|Kb3c ki ∈ N qa°mp|Kb$c Gi ´¶b$cGmpsaup¦a§±c.upqaa|Kb£upv¥¦a§±c!m
ai(ω) = t
0
i (ω) < t
1
i (ω) < . . . < t
ki
i (ω) < t
ki+1
i (ω) = bi(ω) .
¡ c
ac!qa|n©c
Di(ω) =
ki⋃
j=0
(
tji (ω), t
j+1
i (ω)
) ¿½dr|n©vx'cMnp_]n ª c
b3Gl·n >c
ai = −∞
qa
bi = ∞
¿
¡ c ª v±§x§ ª |Ku<> ª vxn©_¨Isaqan©vx|Kqam ac ]qyc' |Kq (ai(ω), bi(ω)) ª _avx_6uocmob3|N|np_3c y!c'yn¨I|Kurnp_ac|KvxqVnpm
tji , j = 1, . . . , ki
¿ ¡ cac]qac Ck(Di) np|·¦c,n©_ycmpcnM|¨n©_ac,b3c'mpsau ´¦a§±c>¨Isyqa!npv±|Kqam
f : Ω × R → R mpsa_ n©_]n'0¨I|Ku
c!£Kc!uol ω  y → f(ω, y) v±m k n©vxb3c!mavx³Tc'uoc'qXn©v±¦a§±c,|Kq
Di(ω)
qaÉ¨I|uMcG_
j = 1, . . . , ki
Rn©_ac¼§xc!¨An_aqa mpvxacqaÉnp_ac
upv±_VnD_]qy mpv±ycg§±vxb3v¯n©m
f(ω, tji(ω)−), f(ω, tji(ω)+)
c yvxmon)qa uoc ]qav¯n©cF?I¨I|Ku
j = 0qa
j = ki + 1 ª c>mompsab$c
n©_]n)np_ac,uov±K_Xnr_]qympvxac4uoc'mpc'n©v¯£Kc'§¯l n©_ace§±c¨Anr_]qampv±yc§±v±b$vxnDcµvxmon©mqa.vxm ]qavxnpc(A2¿ ¡ c
ac!qa|n©c
Γi(f) =
ki∑
j=1
(
f(ω, tji(ω)−) − f(ω, tji (ω)+)
)
+f(ω, bi(ω)−)−f(ω, ai(ω)+) .
?  A
4|u
f, g ∈ C1(Di)
µn©_ac
v±qXnpc'Kupn©vx|Kq ¦Xl ]un©m¨I|Kupbsa§¥>Kv¯£Kc!m
∫
(ai,bi)
f g′(ω, y) dy = Γi(f g) −
∫
(ai,bi)
f ′ g(ω, y) dy ,
?Ù A
mp|
Γi
upc'yupc'moc'qXn©mrn©_ac!|KqXn©uov±¦asynpv±|Kq |¨np_ac¦T|upac!u)npc'uob3m5´½|u'aasµn)vxn)|np_ac'u ª v±mpca|¨n©_ac
mpvxqaKsa§±upv¯n©vxc'm5|¨
f
|Ku
g
¿
¾0cn
n, k ∈ N ¿ ¡ c·yc'qa|npc·¦Xl Cn,k np_ac·!§¥mom|¨%np_ac G × B(Rn) b3c'mpsaup¦a§xc¨Isaqa!npv±|Kqym
f : Ω × Rn → R mosa_²np_]n Ii(f) ∈ Ck(Di)  i = 1, . . . , n  ª _ac!upc
Ii(f)(ω, y) := f(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) .
êê/Ì
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4|u$bsa§xnpv¯´¶vxqaac 
α = (α1, . . . , αk) ∈ {1, . . . , n}k
 ª c
ac!qa|n©c
∂kαf =
∂k
∂xα1 . . . ∂xαk
f
¿
h|Kupc!|\£c'u ª c ac'qy|n©c6¦Xl Cn,k(A) n©_ac6mo]!c |¨n©_ac$¨Isaqan©v±|qam f ∈ Cn,k mpsa_n©_]n¨I|uc!£Kc!uol
0 ≤ p ≤ k qac!£c'uol α = (α1, . . . , αp) ∈ {1, . . . , n}p 
∂pαf(V1, . . . , Vn) ∈ L(∞)(A)
¿
^_ycMT|v±qXn©m
tji , j = 1, . . . , ki
upc!aupc!mpc!qVn)mov±qasa§¥uovxn¶l¼|KvxqVnpm ¨I|u np_ac¨Isaqy!n©vx|Kqam5n
_]qa ? qa|n©v±!c>n©_]~n
f
b3[l¦Tc$avxmp!|KqXn©v±qVsa|sam
v±q
tji )
qa«|Ksaub3vxq aup|K|Kmoc3vxmMn©|
mpc!non©§xc
$'§±!sa§±sam)]ynpc' n©|$mpsa_¨Isaqan©v±|qam'¿
 sau)¦]mpv±_XlN|n©_ac!mpvxmvxm%n©_ac¨I|K§x§±| ª v±qay¿
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(ai, bi)
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 )-	N4 &  Gi×B(R)
,:	<5!& " '7
pi = pi(ω, x)
'8- )-

E(Θ f(Vi) 1(ai,bi)(Vi)) = E
(
Θ
∫
R
f(x) pi(ω, x) 1(ai,bi)(x) dx
)
,
	 6
	 ()7)6
  Gi
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"	<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f : R → R   8:,4-

pi ∈ C1(Di)

32
∂y ln pi(ω, y) ∈ L(∞)(A) 
¶q«!|Kqa!upc!npcaup|K¦y§±c'b$m' ª c¼!|Kqampvxac'uupqaa|bj£upv±¦a§xc'm Vi ª vxnp_O'|Kqayvxn©vx|Kq]§ac!qµ´mpvxnpv±c!m
pi
qaOn©_ac!q ª c$n©
>c tji

i = 0, . . . , ki+1
np|²¦c¼n©_ac|Kv±qXnpm|¨5mov±qasa§¥uovxnpv±c'm
|¨
pi
¿{^_avxm%b$cGqamDn©_]n ª c_a|N|Kmoc Di v±q mpsy_² ª Gl6n©_an pi mpn©vxm ]c!m_Xlµ|np_ac'mov±mµ¿Ó
|Kq
Di
¿^_av±mDv±m½n©_acrmpvxKqav ]Gqy'cr|¨
Di
?Iv±qn©_acGmoc ª _ac!upc pi v±m mpb$|N|n©_$|Kq3np_ac
ª _a|K§±c R  ª ceb3Gl _a|N|Kmpc Di = R A¿]|KurcG_
i ∈ N ª c>!|Kqamov±ac!uM Gi × B(R) ´¶b$cGmosau©¦y§±c,qaÉ|Kmpv¯n©v¯£Kc
¨Isaqa!npv±|Kq
πi : Ω × R → R+
mpsa_On©_an
πi(ω, y) = 0
¨I|u
y /∈ (ai, bi)
qa
πi ∈ C1(Di)
¿ ¡ c
mpmosab3c
 Â{Å  Á :
	
	
πi ∈ L(∞)(A)

32
π′i ∈ L(1+)(A) ^_ac'moc ª v±§±§)¦cn©_yc ª c!v±K_Xnpm6sampc!¹v±qº|sau·'§±!sa§±sam!¿È¶qºn©_ycÉmon©qa]uo h§x§±v¥G£Nv±qG§x'sa§xsam¼n©_acl aTc'u3m·uoc´¶qy|Kupb3§±vGnpv±|Kq '|KqamnqXnpm'¿  q°n©_yc|np_ac'u$_]qaR
pib·Gl3_]G£Kcavxmp'|qVnpv±qVsav¯n©v±c!m5vxq
tji , j = 1, . . . , ki
qa6n©_yv±m ª vx§±§aup|Nasa!cmp|Kb$cM¦|Kupac!un©c'uob3m v±q$n©_acv±qXn©c!Ku©~n©v±|q3¦Xl$]un©mD¨I|upb>sa§±´mpc!c ?: A¿ ¡ cgb3Gl$_a|µ|mpc
πi
v±q3|Kupac!u
n©|Gqy'c'§0np_ac'moce¦|Kuoac'un©c!upb$mH?:m ª c'§x§m%n©_ac
¦|Kupyc'un©c!upb$mv±q ai qa bi A¿
èIéê0èIë
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¶q$np_av±m½mpc!!npv±|Kq ª crv±qXn©uo|µysa'cn©_ycav¯³Rc!upc!qVnpv¥§]|Tc!u©np|Kupm ª _avx_·upc!aupc!mpc!qVnDn©_acq]\´§±|KKsyc'm|¨n©_ac,h§±§±v±G£µvxq6ac!upvx£npvx£c
qa.|¨n©_ac,k:>|Kup|K_y|µv±qXn©c!Ku©§Ù¿

    Á  Å  ? ¿Èupqaa|Kb £uov¥¦a§xc
F
v±mDG§x§±c!6mov±b$a§±c)¨Isaqan©v±|q]§vx¨
n©_ac!upcMc yvxmonpm%mp|Kb$c
n
qa6mo|Kb3c G ×B(Rn) ´ b3c'mpsyu©¦a§xcr¨Isyqa!npv±|Kq f : Ω×Rn → Rmpsa_n©_]n
F = f(ω, V1, ..., Vn) .
¡ cac'qa|n©cM¦Xl S(n,k) np_acMmo]'cg|¨0n©_acmpvxb3a§xcr¨Isyqa!npv±|Kq]§±m mpsa_ n©_an f ∈ Cn,k qa
S(n,k)(A) ª vx§±§T¦Tcn©_ycemo]!ce|¨np_ac
mpv±b$a§xcg¨Isaqan©v±|q]§±m5mpsa_n©_]n f ∈ Cn,k(A) ¿
¡ c ª v±§x§Rsamocn©_ac
qa|n©n©vx|Kq ∂ViF :=
∂f
∂xi
(ω, V1, . . . , Vn)

i = 1, . . . , n
¿

    Á   Å  Á G Á  ¿½Çmpvxb3y§±cMauo|µ!c'mom|¨§±c!qanp_
n
vxm)moc'wVsac!qa'c>|¨upqaa|Kb
£upv¥¦a§±c!m
U = (Ui)i≤n
mosa_²np_]n
Ui(ω) = ui (ω, V1(ω), . . . , Vn(ω)) ,
ª _ac'uoc ui : Ω×Rn → R, i ∈ N uoc G ×B(Rn) ´¶b$cGmosau©¦a§±c¨Isaqan©vx|Kqam'¿ ¡ crac'qa|n©c¦Vl P(n,k) ?Iupc'moTc!!npvx£Kc!§xl P(n,k)(A)) n©_ac3mp]'c6|¨np_ac·mov±b$a§±c$auo|µ!c'mpmoc'm¼|¨%§±c'qyn©_
n
mosa_¸n©_]~n
ui ∈ Cn,k

i = 1, . . . , n
? uoc'moTc!!n©v¯£Kc!§xl
ui ∈ Cn,k(A)

i = 1, . . . , n)
¿
d|npv±'c np_]n3vx¨
U ∈ P(n,k)
np_ac'q
Ui ∈ S(n,k)
qa°vx¨
U ∈ P(n,k)(A)
n©_ac!q
Ui ∈
S(n,k)(A)
¿
 q.n©_ac
mo]'c
|¨n©_ycemov±b$a§±cgaup|N'c!mpmpc!m ª c
'|Kqamov±ac!un©_ac
mp'§¥uaup|Nasan
〈U, V 〉π :=
n∑
i=1
πi(ω, Vi) Ui(ω) Vi(ω) .
¡ cac]qac
qa| ª n©_ac
av¯³Rc!upc'qXnpv¥§|Kc'u©~n©|Kuom ª _av±_acGuv±qh§x§±v±[£NvxqÝm G§±'sy§±sam!¿
   Á    I°Æ Á  yy Á D : S(n,1) → P(n,0) : v¯¨ F = f(ω, V1, . . . , Vn)n©_ac!q
DiF :=
∂f
∂xi
(ω, V1(ω), . . . , Vn(ω)) 1Di(ω)(Vi) ,
DF = (DiF )i≤n ∈ P(n,0) .
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   Á    I­ Å ya  Á  Á  yG   	 Evx£c'q F = (F 1, . . . , F d) 
F i = f i(ω, V1, . . . , Vn) ∈ S(n,1)
np_ac,h§±§xv¥G£Nv±q3'|[£upv±qa'c
b3n©uov ·v±m
σijF =
〈
DF i, DF j
〉
π
=
n∑
p=1
πp(ω, Vp) ∂pf
i ∂pf
j(ω, V1, . . . , Vn) .
^_av±mvxm¼mlµb$b$c!n©uov±M|Kmovxn©v¯£Kcac]qav¯n©c
b·~n©upv T¿
   Á  Å  Å  Å Æ  T Á \  	D¡ ceyc ]qac δ : P(n,1) → S(n,0) B¨I|Ku
U = (Ui)1≤i≤n
mosa_.n©_]n
Ui(ω) = ui(ω, V1, . . . , Vn)
 ª c,ac]qac
δi(U) := −
(
∂
∂xi
(πi ui) + (πi ui) ∂ ln pi
)
(ω, V1, . . . , Vn) ,
δ(U) :=
n∑
i=1
δi(U) .
   Á  Å ~Æ Á   Á   Å {Á ~µ Å  ¿É4|u F = f(ω, V1, . . . , Vn) ∈ S(n,0) qa
U = (ui(ω, V1, . . . , Vn))i=1,...,n ∈ P(n,0) ª
ceac]qac
[F, U ]π =
n∑
i=1
Γi (Ii(f × ui) × πi × pi)
=
n∑
i=1
ki∑
j=1
(
(f × ui)(ω, V1, . . . , Vj−1, tji−, Vj+1, . . . , Vn)(πipi)(ω, tji−)
−(f × ui)(ω, V1, . . . , Vj−1, tji+, Vj+1, . . . , Vn)(πipi)(ω, tji+)
)
+
n∑
i=1
(f × ui)(ω, V1, . . . , Vj−1, bi−, Vj+1, . . . , Vn)(πipi)(ω, bi−)
−
n∑
i=1
(f × ui)(ω, V1, . . . , Vj−1, ai+, Vj+1, . . . , Vn)(πipi)(ω, ai+).
6Á  a 	  )4/DF'8-(((
πi
'8- )-

πi(ω, t
j
i+) = πi(ω, t
j
i−) = 0, i = 1, . . . , n, j = 1, . . . , ki
?;5A
πi(ω, ai+) = πi(ω, bi−) = 0, i = 1, . . . , n,
èIéê0èIë
 
	

		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+())6()74'893:
 I
-
[F, U ]π = 0
	 6
	
F ∈ S(n,1)

32
U ∈ P(n,1)  
 -	N /)!)!   
	2"	 	 ,) - 2
 
!*) 	 "!# 
32 ) -,) 
	<
 ,
	) 	 "!#

 -"&@&  M(8!&1	8(  .)", @)-4/D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  - -	H  '8 '8		8 	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(


¶q>|Ksau¨Iu©b$c½n©_acDas]§xvxn¶l
¦c!n ª c'c'q δ qa D v±mKvx£c'q>¦Xl
n©_yc5¨I|K§±§x| ª v±qarz{up|K|Kmovxn©vx|Kq ¿
  Å {Å I  Å  	  
F ∈ S(n,1)

32
U ∈ P(n,1)  
(5(()-
 	,6
	
i =
1, . . . , n
E(|F δi(U)|1A) + E(πi(ω, Vi) |DiF × Ui|1A) < ∞.
?I A
 - E(|[F, U ]π|1A) < ∞

32
E(〈DF, U〉π 1A) = E(F δ(U) 1A) + E([F, U ]π 1A) .
?: A
 	F-!#247	 )-
E(〈DF, U〉π 1A) = E(F δ(U) 1A) .
  Å Å  	 kµv±qa!c
πi = 0
|Kq
(ai, bi)
c  ª ce_]G£Kc
E(〈DF, U〉π 1A)
=E(
n∑
i=1
E (πi(ω, Vi) DiF × Ui | Gi) 1A)
=E
(
1A
n∑
i=1
∫ bi
ai
(πi ui ∂if)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) pi(ω, y) dy
)
.
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fmpvxqav±qXn©c!Ku©~n©v±|q ¦Vl6]uonpm ? mpc!c ?Ù A<A ª c
|K¦yn©v±q
∫ bi
ai
∂if × (πi ui) × pi
=
ki∑
j=0
∫
(tji ,t
j
i+1)
∂if × (πi ui) × pi
= Γi (Ii(f × ui) πi pi) −
ki∑
j=0
∫
(tji ,t
j
i+1)
f × (∂i(πi ui) × pi + (πi ui) × ∂pi))
= Γi(Ii(f × ui)πi pi) −
∫ bi
ai
f × (∂i(πi ui) + πi ui∂ ln pi) × pi .
GDl ? 5A ª ce_]G£Kc
∫
R
(|ui ∂if | πi pi)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) dy < ∞ ,
∫
R
(|f(∂i(πi ui) + πi ui∂ ln pi)| × pi)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn)dy < ∞ ,
¨I|Ku)§±b$|Kmnc!£c'uol
ω ∈ A ¿Dkµ|¼n©_ace¦|[£Kc
v±qXn©c!Ku©§±mb3
>cmoc'qamoc¿kNv±qa!c
Γi(Ii(f × ui) πi pi)
vxm%n©_ac
mpsyb/|¨np_ac'mocen ª |$v±qXn©c!Ku©§xm ª c§xmp|¼|K¦µnvxq
E (|Γi(Ii(f × ui) πi pi)|1A) < ∞
mo|$np_]n
E (|[F, U ]π| 1A) < ∞
¿
frmpvxqa¼n©_ac
ac]qavxnpv±|Kq.|¨
pi ª c,!|Kb$c¦]8>6n©|c yc'nnpv±|Kqymqa ª c
|K¦yn©v±q
∫ bi
ai
(πi ui ∂if)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) pi(ω, y) dy
= E(F δi(U) | Gi) + Γi(Ii(f × ui) πi pi) .
 qycemosab$mr|[£c'u
i
qa.n©_ac
auo|µ|¨vxm'|Kb$a§±cn©c¿
  Å  Å  Ia Â 
	  
Q ∈ S(n,1)(A)
/0-"'8- 
7& 8
E
(
1A (|πi Q| + |∂Vi(πi Q)|)1+η
)
< ∞ , i = 1, . . . , n , ?:5A
	9(,
η > 0   -)	 6
	 F ∈ S(n,1)(A)

U ∈ P(n,1)(A)
+ @-
E (Q 〈DF, U〉π 1A) = E (F δ(Q U) 1A) + E ([F, Q U ]π 1A) .
?: A
èIéê0èIë
 
	
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	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+())6()74'893:
K
  Å Å  	¡ c5}osamn_a[£cenp|_ac'8> n©_an
F
qa
Ũ = Q U
mpn©vxmo¨Al ? 5A¿ ¡ ce_a[£c
|δi(Q U)| ≤ |∂Vi(πi Q)| |Ui| + |πi Q| (|∂ViUi| + |Ui| |∂ ln pi|) .
kµv±qa!c
U ∈ P(n,1)(A)
,|Kqac _]m
Ui, ∂ViUi ∈ L(∞)A
>qy¤¦Xl=_VlN|n©_yc'mpvxm µ¿ÓN
∂ ln pi ∈ L(∞)A
¿ kµ|a½sampvxqa ?: A
δi(Q U) ∈ L(1+)A
qy mpv±qy'c
F ∈ L(∞)A
 ª c|K¦ynv±q
E (F δi(Q U)|) < ∞
¿
¡ c>_a[£c
DiF

Ui ∈ L(∞)A
qy
πi Q ∈ L(1+)A
 mp|
E (πi |DiF × (Q Ui)|) < ∞
¿
  Á   ! Á     Á T Á  Å {Á \y Å V É¡ c.vxqVnpup|Nasa!cqy| ª L := δ(D) :
S(n,2) → S(n,0) :
LF := −
n∑
i=1
(∂i(πi ∂if) + πi ∂if ∂ ln pi) (ω, V1, . . . , Vn)
= −
n∑
i=1
(
(π′i + πi ∂ ln pi) ∂if + πi ∂
2
i f
)
(ω, V1, . . . , Vn) .
gmrq.v±b$b3c!av¥~n©cg!|Kqamoc'wVsac'qy'c>|¨n©_yceys]§±v¯n¶l·uoc'§±n©vx|Kq ?Ù A ª c
|K¦yn©v±q B
 Á    
	  
F, G ∈ S(n,2)

32
A ∈ G.   (5((.)-
 	 6
	
i = 1, . . . , n
E [(|F LiG| + |G LiF | + πi |DiF × DiG|) 1A] < ∞ .
 - E (|[F, DG]π| 1A) < ∞

E (|[G, DF ]π| 1A) < ∞

32
E(F LG 1A) + E([F, DG]π 1A) = E(< DF, DG >π 1A)
= E(G LF 1A) + E([G, DF ]π 1A) .
¡ cac'qa|n©c¦Xl Ckp (Rd)
n©_acMmo]!cM|¨0n©_ycg¨Isaqan©v±|qam
φ : Rd → R ª _yv±_.uoc k n©vxb3c!mavx³Tc'uoc'qXn©v±¦a§±c$qy¸mpsa_ np_]n
φ
qa vxn©m,ac'uovx£npvx£Kc!m|¨%|Kupac!u§xc'mpm|Ku,c!wVs]§Dnp|
k_]G£KcrT|K§¯lNqa|Kb$v¥§µKup| ª n©_R¿^_acrmonqa]uo3av¯³Rc!upc!qVnpv¥§yG§x'sa§xsam½Kvx£c'm{n©_ac)¨I|K§x§±| ª v±qa_]v±q.uosa§±c!m'¿
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 Á    
	    
φ ∈ C1p(Rd)

32
F = (F 1, . . . , F d)

F i ∈ S(n,1)(A)  
-
φ(F ) ∈ S(n,1)(A)

32
Dφ(F ) =
d∑
k=1
∂kφ(F ) DF
k .
?J5A
)   
φ ∈ C2p(Rd)

32
F i ∈ S(n,2)(A)
)-
φ(F ) ∈ S(n,2)(A)

32
Lφ(F ) =
d∑
k=1
∂kφ(F ) LF
k −
d∑
k,p=1
∂2k,pφ(F )
〈
DF k, DF p
〉
π
.
))   
F ∈ S(n,1)(A)

32
U ∈ P(n,1)(A)  
-
FU ∈ P(n,1)(A)

32
δ(F U) = F δ(U) − 〈DF, U〉π .
  
	':!#
	. 
F ∈ S(n,1)(A)

32
G ∈ S(n,2)(A)
-
F DG ∈ P(n,1)(A)

32
δ(F DG) = F LG − 〈DF, DG〉π .
? I A
6Á  a 	   +5 2"% 
L2π,n(A)
  )-,'!&("	8   P(n,0)
/))- 	N88'+ 
-  	 8(('
 24.-1('
!#
	 3	N2
' 〈U, V 〉 = E(〈U, V 〉π) 
 
[F, U ]π
&  
:!)! %)- )- 8	
	
D : S(n,1) ⊂ L2(Ω) → P(n,0) ⊂ L2π,n(A)
&H +'!&(5!&

   5((+	  
93!&)-
 V1
& O 7
!)!* 2
&	:2 
32
Vi

i = 2, . . . , n
	8H
	)	<
	 
32 )32"32"D 
V1 
 4  5
π1 = 1

32
πi = 0

i = 2, . . . , n 
   /D   5 "	 '
!&':!*5 /))- 	N88'4  V1
!*

  )-"& '(
a1 = 0, b1 =
∞ 
32 )-	N 
	N   )) tji  
 5  /
Fn = fn(V1)
/))-
fn(x) = 1 −
nx
	
0 < x < 1/n

32
fn(x) = 0
	
x ≥ 1/n    5 
! ( u1(x) = 1 −
x
	
0 < x < 1

32
u1(x) = 0
	
x ≥ 1 
32 /	) - 2

!*)7,	 "!#
E(〈DFn, U〉π) = E(Fn δ(U)) + E([Fn, U ]π)   
) '8
[Fn, U ]π = 1

32
Fn → 0
)
L2(Ω)
@/D 

)
lim
n→∞
E(〈DFn, U〉π) = 1
.
32 (
DFn 9 0
)
L2π,n(A)  
-"&
3	86
84-

D
&. +'!&(5!&
C:1 
[F, U ]π = 0
	6
	
F, U
 -"&.-5	  
93!&. H/D '8-(((
πi
 

7& 	  0)- -@2

!*)7D	 "!#  @
 
	<
889)-

D

32
δ

	N.'!&(5!&
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0 = s0 < s1 < . . . < sn = s  
-"&.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 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F = (F 1, . . . , F d) ∈ Sd(n,1)(A)
qy ª c,yc ]qac
ΘF (A) :=
{
G = σF × Q : Q ∈ Sd(n,1)(A), Qi
m©npv±mo¨Al
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
)
}
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G ∈ ΘF (A)
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G ∈ ΘF (A)
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G = σF × Q 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δ
(
d∑
i=1
Qi DF i
)

[φ(F ),
d∑
i=1
Qi DF i]π ∈ L(1+)(A)
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φ ∈ C1p(Rd)
 @-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E (〈Oφ(F ), G〉 1A) = E
(
φ(F ) δ
(
d∑
i=1
Qi DF i
)
1A
)
+ E
(
[φ(F ),
d∑
i=1
Qi DF i]π 1A
)
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〈
Dφ(F ), DF i
〉
π
=
d∑
j=1
∂jφ(F )
〈
DF j, DF i
〉
π
=
d∑
j=1
∂jφ(F ) σ
ij
F .
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G = σF × Q
 ª ce|K¦yn©v±q
〈Oφ(F ), G〉 =
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j=1
∂jφ(F ) G
j =
d∑
j=1
∂jφ(F )
d∑
i=1
Qi σijF =
d∑
i=1
Qi
d∑
j=1
∂jφ(F ) σ
ij
F
=
d∑
i=1
Qi
〈
Dφ(F ), DF i
〉
π
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det σF 6= 0
|Kq
A
qy ª c·ac'qa|n©c·¦Xl γF = σ−1F
¿ ¡ c·§±mo|
mpmosab3cnp_]n
πl (det γF )
2, π′l det γF , πl π
′
l (det γF )
2 ∈ L(1+)(A)
a¨I|Kuc£Kc'ul
l = 1, . . . , n
¿{^_avxm)b3c'qam%n©_an)n©_ac!upc
cµv±mn©m
η > 0
mpsa_n©_]n
E
[
1A
(
|πl| (det γF )2 + |π′l| (det γF + |πl| (det γF )2)
)1+η]
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G ∈ Sd(n,1)(A)
¿·^_yc'q
G = σF × Q ª v¯n©_ Q = γF × G ¿ ¡ c ª upv¯n©c
γijF = σ̂
ij
F × det γF
 ª _ac!upc σ̂ijF
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Qi = det γF × Si ª v¯n©_ Si =
d∑
j=1
Gj σ̂ijF
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Qi
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i = 1, . . . , d
¿¼kµv±qa!c
πl ∈ L(∞)(A)qa
DlF
i ∈ L(∞)(A)
|Kqac_]m
σ̂ijF
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det σF ∈ L(∞)(A)
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Gj ∈ L(∞)(A)
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πl det γF ∈ L(1+)(A)
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πl Q
i = (πl det γF ) S
i ∈ L(1+)(A)
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πk Dl(DkF
i DkF
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F ∈ Sd(n,2)(A)
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Dl(det σF ) =
µ + ν π′l
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i = µi + νi π
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ν
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µi
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Dl(πl Q
i) = π′l det γF S
i − πl (det γF )2 Dl(det σF ) Si + πl det γF DlSi
= π′l det γF S
i − πl (det γF )2 (µ + ν π′l) Si + πl det γF (µi + νi π′l)
∈ L(1+)(A) ,
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δ
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G
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j=1
γjiF DF
j
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φ(F ), G
d∑
j=1
γjiF DF
j
]
π
∈ L(1+)(A)
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φ ∈ C1p(Rd)
 @-
E(∂iφ(F ) G 1A) = E
[
φ(F ) δ
(
G
d∑
j=1
γjiF DF
j
)
1A
]
+ E
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
[
φ(F ), G
d∑
j=1
γjiF DF
j
]
π
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
 ,
	 6
	
i = 1, . . . , d.
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E(∂iφ(F ) G 1A) = E(φ(F ) Hi(F, G) 1A) .
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Hi(F, G) = δ
(
G
d∑
j=1
γjiF DF
j
)
=
d∑
j=1
(
G γjiF LF
j −
〈
D(G γjiF ), DF
j
〉
π
)
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G̃ = (0, . . . , 0, G, 0, . . . , 0) ª vxn©_ G |Kqºnp_ac a§±'c i rmp|¸n©_an
∂iφ(F ) G =
〈
Oφ(F ), G̃
〉 ¿½¶q.£Nvxc ª |¨¾0c'b$b33N¿ ;N G̃ ∈ ΘF (A) qa
G̃ = σF × Q
 ª vxnp_ Qj = G γjiF
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π′l ∈ L(1+)(A) 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δ(G γF DF ), [φ(F ), G γF DF ]π ∈
L(1+)(A)
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E(φ′(F ) G 1A) = E (φ(F ) δ(G γF DF ) 1A) + E ([φ(F ), G γF DF ]π 1A) .
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σF = πl(Vl) |DlF |2
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Q = G
πl(Vl) |DlF |
2
v¯¨
πl(Vl) |DlF |2 6= 0 ,
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v¯¨
πl(Vl) |DlF |2 = 0 .
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πl(Vl) Q = g(V1, . . . , Vn)/|DlF |2
qa am>'|Kqympc'wVsac!qa'ce|¨0np_ac_Xlµ|np_ac'mov±m
?\ A
|Kqyc3_]m
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v±qXn©c!qampv¯n¶l.b3c'mpsauoc
µ(da) × dt an©_anrv±m E(N([0, t] × A)) = µ(A)t ¿ ¡ cac'qa|n©c>¦Xl
Jt
n©_yc>'|KsyqVnpv±qa·aup|N'c!mpm'Tn©_]ngv±m
Jt := N([0, t] × R)
Rqa ª c>ac!qa|npc¦Vl
Ti

i ∈ N ½n©_ac}osab$ n©vxb3c!m¼|¨ Jt ¿ ¡ c.upc!aupc!mpc!qVn3n©_ac¦|[£Kcz|v±mpmo|Kq­T|KvxqXnb3c'mpsauoc>¦Xlb$cGqamM|¨D·moc'wVsac'qy'c
∆i

i ∈ N R|¨½vxqaac'c'qyac'qXn
u©qaa|Kb"£upv±¦a§±c!m|¨§± ª ν(da) = µ(R)−1 × µ(da) ¿{^_avxmrb$cGqam%n©_]~n
N([0, t] × A) = card{Ti ≤ t : ∆i ∈ A}
¿
¡ c
§±|N| >3n
St
mo|K§±synpv±|Kq |¨np_ac
c'wVs]npv±|Kq
St = x +
Jt∑
i=1
c(Ti, ∆i, ST−i ) +
∫ t
0
g(r, Sr) dr ,
?' A
= x +
∫ t
0
∫
R
c(s, a, Ss−) dN(s, a) +
∫ t
0
g(r, Sr) dr , 0 ≤ t ≤ T .
¡ c ª v±§x§ ª |Ku>·saqaac!urnp_ac¨I|K§±§x| ª vxqa_XlN|n©_ac!mpvxmB
êê/Ì
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	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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 Â{Å  Á : 	
	  - : ' (t, x) → c(t, a, x) 
32 x → g(t, x) 
	N 7/'82
  @	85!&D
32 -
6
 :32"242"	)6
)6
8+  %	8 
32 (8'832H	2"	

 	886
	'
/D+8",1-
 - -
6
1!*) 
	0
	N/- /)- 	N88' 
x
 : 	 !*@/))- 	N88'
 
t

32
a
M)-
M& |c(t, a, x)| + |g(t, x)| ≤ K (1 + |x|) 
 q²cG_ moc!n {Jt = n}  St v±m3mpvxb3y§±c¨Isaqan©v±|q]§|¨ ∆1, . . . , ∆n qa T1, . . . , Tn ¿¶q.np_ac ]uomon)mpsy¦ampc!!n©vx|Kq  ª caupc!mpc!qVnrn©_ycac!npc'upb$v±qyv±monpv±rG§x'sa§xsam ª _avx_c'uob3v¯n©m n©|'|Kb$asynpc%n©_acrh§±§±v±G£µvxqac!upv¯£~n©vx£c'm½qy$vxq>n©_ac%¨I|§±§±| ª vxqan ª |,mosa¦amoc'!npv±|Kqym ª c)Kvx£cn©_acv±qXnpc'Kupn©vx|KqÉ¦XlO]un©m¨I|Kupbsa§¥ ª v¯n©_Oupc!mpc'n,np|.np_ac$b$a§±v¯n©saac|¨Dnp_acg}osab$amupc'moTc!!npvx£Kc!§xl3n©|np_acD}osab$·n©vxb3c!m'ymoc']u©npc'§xl¿½v±qa§±§¯l¼v±q·np_acM¨I|Kun©_6mosa¦µ´¶moc'n©v±|q ª c¦aupvxc al·aupc!mpc'qXnn©_ac
b$v µc' '§±!sa§±sam! ª vxnp_uoc'moTc!!n)n©|$¦T|n©_.|¨n©_ac!b²¿¡ cMmnGl6_ac!upcvxq·n©_ac|qacMavxb3c!qampvx|Kq]§4Gmpc ? v:¿c¿
St ∈ R
AD¦c'GsampcMnp_acMb>sa§¯n©vç´
av±b$c'qamov±|Kqa§aGmpcrv±m b3|Kuoc)v±qX£K|K§¯£Kc!3¨Iup|b enpc'_aqavxG§4|Kv±qXn |¨T£µvxc ª ¿  sau asauoT|mpcv±mnp| v±§±§xsamonpu©npc3np_ac ª Gl vxq ª _av±_ np_ac v±qXn©c!Ku©~n©v±|q¸¦Xl ]un©m>¨I|Kuob>sa§¥ ª |u>Vm¼¨I|Kuz|Kvxmpmp|qOz|KvxqVnMb3c'mpsauoc'm
qyÉn©| c'b$a_]mpv !c,np_ac¼mpc'!v ]¼av$'sa§¯n©v±c!m'¿M^_yc¼_acGG£Vl
n©c'_yqav±wVsac!mupc!§¥npc'«n©|.n©_ac$b>sa§¯n©v¯´ av±b$c'qympv±|q]§Gmoc ª |Ksa§±«_avxaac'q«n©_ac!mpc3mpc''v ]T|KvxqXn©m'y¦asyn)n©_ac
b3_avxqac'ul ª |Ku>Vmrv±q n©_avxmGmocem ª c!§±§Ù¿
   ! #"" )" & *  %"( 	
¡ c ¸mo|Kb3c·ac!npc'upb$v±qyv±monpv±
0 = u0 < u1 < . . . < un < T
qa ª c·ac'qa|n©c ¦Xl
u = (u1, . . . , un)
¿ ¡ c§xmp| 
a = (a1, . . . , an) ∈ Rn
¿,^|6np_ac'moc yc! qVsab¦Tc!upm
ª cemomp|N'v¥~n©cn©_acyc!n©c!upb$v±qavxmonpv±Mc!wNsan©vx|Kq
st = x +
Jt(u)∑
i=1
c(ui, ai, su−i ) +
∫ t
0
g(r, sr) dr , 0 ≤ t ≤ T
?\ A
ª _ac'uoc Jt(u) = k v¯¨ uk ≤ t < uk+1 ¿ ¡ cac'qa|n©c¦Vl st(u, a) |u$mov±b$a§xl ¦Xl stn©_acÉmo|K§±sµn©v±|qº|¨
n©_avxm6c'wVs]~n©v±|q ¿Ç^_av±m6vxm·n©_yc ac!npc'upb$v±qyv±monpv±'|KsyqVnpc'uo]uon.|¨,|sau
mon©|N_]mn©vxrc!wVs]n©vx|Kq ¿  qn©_ycrmoc!n {Jt = n} Vnp_ac)mp|K§xsyn©vx|Kq St |¨? G Av±m{uoc'auoc'moc'qXn©c!m
St = st(T1, . . . , Tn, ∆1, . . . , ∆n)
¿
¶q |Kupac!u,np|Émp|K§¯£Kc$n©_avxmc'wVs]~n©v±|q  ª c6v±qXnpup|Nasa'c$n©_ac ]| ª Φ = Φu(t, x)  0 ≤
u ≤ t  x ∈ R mp|§±synpv±|Kq |¨n©_yce|upavxq]uol3v±qXnpc'Kup§ c'wVs]~n©v±|q
Φu(t, x) = x +
∫ t
u
g(r, Φu(r, x)) dr, t ≥ u .
?[5A
èIéê0èIë
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^_ac
mp|K§xsyn©vx|Kq
s
|¨n©_ac
c!wNsan©vx|Kq ?\ AvxmKvx£c'q¦Xl
s0 = x ,
?[ A
st = Φui(t, sui)
¨I|Ku
ui ≤ t < ui+1 ,
sui+1 = su−i+1 + c(ui+1, ai+1, su
−
i+1
)
= Φui(ui+1, sui) + c(ui+1, ai+1, Φui(ui+1, sui)) .
 syu5vxb v±m½n©|,'|Kb$asynpcrnp_acgac!upv¯£~n©vx£c'm |¨
s ª v¯n©_·uoc'moTc!!n%np| uj  aj  j = 1, . . . , n ¿¡ c
v±qXn©uo|µysa'c ]uomonrmp|b3c
qa|n©n©vx|Kqam!¿ ¡ c
ac!qa|npc,¦Xl
eu,t(x) := exp
(∫ t
u
∂xg(r, Φu(r, x)) dr
)
.
kµv±qa!c
Φui(r, sui) = sr
¨I|Ku
ui ≤ r < ui+1
 ª c
_]G£c
eui,t(sui) = exp
(∫ t
ui
∂xg(r, sr) dr
)
,
¨I|Ku
ui ≤ t < ui+1 .
kµv±qa!c
∂xΦu(t, x) = 1 +
∫ t
u
∂xg(r, Φu(r, x)) ∂xΦu(r, x) dr ,
vxn%¨I|K§x§±| ª m%n©_an
∂xΦu(t, x) = eu,t(x) ,
qa.mpvxqa'c
∂uΦu(t, x) = −g(u, x) +
∫ t
u
∂xg(r, Φu(r, x)) ∂uΦu(r, x) dr ,
ª c
_]G£Kc
∂uΦu(t, x) = −g(u, x) eu,t(x) .
v±q]§±§xl ª c
ac'qa|n©c
¦Xl
q(t, α, x) := (∂tc + g ∂xc)(t, α, x) + g(t, x) − g(t, x + c(t, α, x)) .
êê/Ì
PQOQRS
   !#52 
!)!* 
	
	1		N 
6
 
	N 88" 2
 Á    	
	    5(( )-
H-"8)-8&     -!#2 7	   - st(u, a) & 7/'82
  @	85!&1/)-F	N88'  
uj, j = 1, . . . , n

32H/))-F	N88' 
aj, j = 1, . . . , n
32 /D@-
6
H)-!)!&/)" O3!*') O3	N88  .)- 2"	)6
)6
8
 	
	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 
uj 
$	
t < uj

∂ujst(u, a) = 0 
 	N
6
	
∂ujsuj− = g(uj, suj−) ,
∂ujsuj = (∂tc + g (1 + ∂xc))(uj, aj, suj−) .
 	
uj < t < uj+1
∂ujst = q(uj, aj, suj−) euj ,t(suj) ,
?J5A
∂ujsuj+1− = q(uj, aj, suj−) euj ,uj+1(suj)
∂ujsuj+1 = q(uj, aj, suj−) (1 + ∂xc(uj+1, aj+1, suj+1−)) euj ,uj+1(suj ) .
%)3
!)!* 	
p ≥ j + 1 
32 up ≤ t < up+1
/D9-
6
.-H	N8'"		8 '8H	N!#

∂ujst = eup,t(sup) ∂ujsup ,
? I A
∂ujsup+1 = (1 + ∂xc(up+1, ap+1, sup+1−)) eup,up+1(sup) ∂ujsup .
!F  
T (f) := ∂tf + g∂xf  
-4(8'832 	2"	 2"	)6
)6
8 
	N 
)6
 
∂2ujsuj− = T (g)(uj, aj, suj−) ,
∂2ujsuj = T (∂tc + g (1 + ∂xc))(uj, aj, suj−) .
!F  
ρj(t) = ∂ujeuj ,t(suj )
= euj ,t(suj )
(
−∂xg(uj, suj) + q(uj, aj, suj−)
∫ t
uj
∂2xg(r, sr) euj ,r(suj) dr
)
.
 -)	 uj < t < uj+1
∂2ujst(u, a) = T (q)(uj, aj, suj−(u, a)) euj ,t(suj) + q(uj, aj, suj−(u, a)) ρj(t) .
èIéê0èIë
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32
∂2ujsuj+1 = T (q)(uj, aj, suj−) (1 + ∂xc)(uj+1, aj+1, suj+1−) euj ,uj+1(suj)
+ q2(uj, aj, suj−) ∂
2
xc(uj+1, aj+1, suj+1−) e
2
uj ,uj+1
(suj)
+ q(uj, aj, suj−) (1 + ∂xc)(uj+1, aj+1, suj+1−) ρj(uj) .
 	
p ≥ j + 1 /D 2"  
ρj,p(t) = ∂ujeup,t(sup) = eup,t(sup) ∂ujsup
∫ t
up
∂2xg(r, sr) eup,r(sup) dr .
 -)	 p ≥ j 
32 up ≤ t < up+1
/D9-
6
.-H	N8'"		8 '8H	N!#

∂2ujst = eup,t(sup) ∂
2
uj
sup + ρj,p(t, u, a) ∂ujsup ,
∂2ujsup+1
=∂2xc(up+1, ap+1, sup+1−) (eup,up+1(sup) ∂ujsup)
2
+(1 + ∂xc)(up+1, ap+1, sup+1−) (ρj,p(up+1) ∂ujsup + eup,up+1(sup) ∂
2
uj
sup) .
    	
 	
 	    
aj 
$	
t < uj, ∂aj suj(u, a) = 0

32 	
t ≥ uj, ∂ajst(u, a)

& 8.- 

∂ajst = ∂ac(uj, aj, suj−) +
Jt(u)∑
i=j+1
∂xc(ui, ai, sui−) ∂ajsui−
+
∫ t
uj
∂xg(r, sr) ∂aj sr dr .
?Ù5A
 -@(8'832 	<2"	H2"	)6
7)6
8@
&
∂2aj st = ∂
2
ac(uj, aj, suj−) +
Jt(u)∑
i=j+1
∂2xc(ui, ai, sui−) (∂ajsui−)
2 ?ÙN A
+
∫ t
uj
∂2xg(r, sr) (∂aj sr)
2dr
+
Jt(u)∑
i=j+1
∂xc(ui, ai, sui−) ∂
2
aj
sui− +
∫ t
uj
∂xg(r, sr) ∂
2
aj
sr dr .
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  Å Å  	  nv±m)'§xcGunp_]nr¨I|Ku
t < uj

st
a|Nc'mgqy|ngyc'c'qaÉ|q
uj
qa²mp|
∂ujst = 0
¿
¡ c
'|b3asµn©cqa| ª
∂ujsuj− = ∂ujΦuj−1(uj, suj−1) = g
(
uj, Φuj−1(uj, suj−1)
)
= g(uj, suj−) .
^_ac'q
∂ujsuj = ∂uj (suj− + c(uj, aj, suj−))
= ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) ∂ujsuj−
= ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) g(uj, suj−) .
4|u
uj < t < uj+1 ª c
_]G£c
∂ujst
=∂ujΦuj (t, suj ) = euj ,t(suj) (−g(uj, suj ) + ∂ujsuj)
=euj ,t(suj )
(
−g(uj, suj) + ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) g(uj, suj−)
)
=euj ,t(suj ) q(uj, aj, suj−) .
gqa np_ac6mpb3c3'|Kb$asyn©n©vx|Kq«Kvx£c'm
∂ujsuj+1− = euj ,uj+1(suj ) q(uj, aj, suj−)
¿ v¯´
q]§±§¯l
∂ujsuj+1 = (1 + ∂xc(uj+1, aj+1, suj+1−)) ∂ujsuj+1−
= (1 + ∂xc(uj+1, aj+1, suj+1−)) euj ,uj+1(suj) q(uj, aj, suj−) .
¡ cemompsab$c
qa| ª n©_an up ≤ t < up+1  p ≥ j + 1 qa ª c ª upv¯n©c
∂ujst = ∂ujΦup(t, sup) = eup,t(sup) ∂ujsup ,
qa np_ac·mpb3c$'|b3asµnnpv±|Kq«Kvx£c'm
∂ujsup+1− = eup,up+1(sup) ∂ujsup
¿vxq]§x§xl ª c_]G£Kc
∂ujsup = ∂uj (sup− + c(up, ap, sup−)) = (1 + ∂xc(up, ap, sup−)) ∂ujsup−
= (1 + ∂xc(up, ap, sup−)) eup−1,up(sup−1) ∂ujsup−1 .
gqa«n©_ac$aup|N|¨vxm
'|Kb$a§±cn©c¼¨I|Kun©_yc ]uomon,|Kupac!u,yc'upv¯£n©v¯£Kc'm!¿ ^_ac·uoc'§±n©vx|Kqam'|qµ´
'c'uoqav±qynp_ac
mpc!'|Kqa²|Kupyc'u)ac'uovx£npvx£Kc!m)upc
|K¦µnvxqac' ¦Xl.avxupc'n)'|Kb$asyn©n©vx|Kqam!¿
èIéê0èIë
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;
G¿]fmov±qa¼n©_ycupc'!saupuoc'qa!c,uoc'§±n©vx|Kqam4? \ AD|qac£Kc'uov ]c!mn©_]n5¨I|Kuc!£c'uol
t ∈ [0, T ],
aj → st(u, a)
v±m'|qVnpv±qVsa|Ksymp§xlavx³Tc'uoc'qXn©v±¦a§xc¼qa n©_yc'qO|Kqacb3[l²av¯³Rc!upc'qXnpv¥npc¼v±q
n©_ac.c'wVs]~n©v±|q ? \
A ?Inp_av±m ª m$qa|n$T|mpmpvx¦a§±c vxq­np_ac.Gmoc²|¨gn©_ycyc'upv¯£n©v¯£Kc'm ª v¯n©_upc'moTc!!nrn©|
uj
¦c''sampc
n©_yc'mpceac!upvx£npvx£c'm)uoceqy|n)'|KqXnpv±qVsa|KsamNA¿
gmrq.v±b$b3c!av¥~n©cg!|Kqamoc'wVsac'qy'c>|¨n©_yc,¦T|[£Kc
§xc'b$b· ª ce|K¦ynv±q B
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x

7& 8 |x| ≤ K 	C(, K   -@	."'8- n ∈ N 
32 T > 0-	N, &)  '8

Cn(K, T )
'8- -
 	 6
	
0 < u1 < . . . < un < T

a ∈ Rn 
32 0 ≤ t ≤ T 
max
j=1,...,n
(
|st| +
∣∣∂ujst
∣∣ +
∣∣∣∂2ujst
∣∣∣+
∣∣∂aj st
∣∣ +
∣∣∣∂2aj st
∣∣∣
)
(u, a) ≤ Cn(K, T ) .
?:K A
v±q]§±§xl ª c>Kv¯£Kce3!|Kup|K§x§¥ul ª _avx_Év±m)samoc!¨Isa§v±q|Kupyc'u)n©|·!|KqXn©uo|K§0n©_aceqa|KqÉyc'Kc!qµ´c'u©!lK¿
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η > 0
'N- -
	F6
	
(t, a, x) ∈ [0, T ] × R × R  @-
|1 + ∂xc(t, a, x)| ≥ η ,
?Ù ;5A
|q(t, a, x)| ≥ η .
$
n ∈ N   :2   - )-	N  &, '8
 εn > 0
'8- )-
 	 6
	
j = 1, . . . , n

32 6
	
(u, a) ∈ [0, T ]n × Rn
inf
t>uj
∣∣∂ujst(u, a)
∣∣ ≥ εn .
?Ù~ A
  Å Å  	 kµv±qy'c
∂xg
v±m{¦|Ksaqaac! Xn©_ac!upcc yvxmonpmD!|Kqamon©qXn
C > 0
mosa_3np_]n
es,t(x) ≥
e−CT
¨I|Ku
0 ≤ s < t ≤ T ¿{^_ac'q|Kqac
c'b$a§x|\lc'm ?(J5A%qy ?  I A2¿
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¶qOnp_av±mmoc'n©v±|q ª c ª v±§±§samocnp_acv±qXn©c!Ku©~n©v±|qÉ¦XlO]uonpmM¨I|Kupbsa§¥3¨I|u St ª _yv±_ ª v±§±§¦Tc$upc!Xupyc'¸m.mpvxb3a§xc>¨Isaqan©v±|q]§{|¨
∆i, i ∈ N
¿.kµ|a ª vxnp_ n©_yc3qa|nnpv±|Kq ¨Iup|b
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kµc'n©v±|qOµ ª c>_a[£c Vi = ∆i qy G = σ{Ti : i ∈ N} ¿ ¡ c>uoc''§±§0n©_an Jt = n |Kq
{Tn ≤ t < Tn+1}.
^_yc'q ]|Kq {Jt = n} 
St = st(T1, . . . , Tn, ∆1, . . . , ∆n) ,
ª _ac'uoc st v±mac]qac'²v±q6np_ac
aupc£µvx|Ksam)mpc!!npv±|Kq ? moc'c,?\ AA¿¡ c3mpmosab3c¼np_]n
n©_ac_XlNT|n©_ac!mpv±m ;y¿¯·qa¸N¿x ?Inp_]nev±m
E (|∆i|p) < ∞
¨I|Kue§x§
p ∈ N A_a|K§±On©uosac¿ h²|Kupc!|[£Kc'u ª c$'|Kqympv±yc'umo|Kb$c q0 < q1 < . . . < qk+1 qa ª c
ac'qa|n©c
I =
k⋃
i=0
(qi, qi+1)
¿ ¡ c,mpmpsyb3c B
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p = eρ
M)-
M&
E (f(∆i) 1I(∆i)) =
∫
I
f(y) eρ(y) dy ,
	 6
	 ,"	5!&H
32.()7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 : '
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kµ|_VlN|n©_yc'mpvxmMN¿Ó>_a|K§xam%n©uosac¿
kNv±qa!c
ρ
v±m,qa|navx³Tc'uoc'qXn©v±¦a§±c$|Kq¸np_ac ª _a|K§xc R  ª c ª |Ku<> ª v¯n©_ np_ac·¨I|K§x§±| ª v±qy
ª c!v±K_XnG¿ ¡ cMn
>c α ∈ (0, 1/2) qa β > α qa ª c
ac]qac
π(y) = (qi+1 − y)α (y − qi)α
¨I|Ku
y ∈ (qi, qi+1) , i = 0, . . . , k ,
= 0
¨I|Ku
y ∈ (q0, qk+1)c ,
¡ c$b· >c¼n©_ac¨I|K§x§±| ª v±qa·'|KqX£Kc!qXn©v±|q Bv¯¨ b = qk+1 = +∞ |Ku a = q0 = −∞  ª cac ]qyc
π(y) = (y − qk)α |y|−β ,
¨I|u
y > qk
qa
π(y) = (q1 − y)α |y|−β ,
¨I|Ku
y < q1 ,
^_ac'qc'§xc'b$c'qXnul '|b3asµnnpv±|Kqam5mp_a| ª np_]n π m©npv±m ac'm)_Xlµ|np_ac'mov±mµ¿ ;y¿¾0cn
A := {Jt = n}.
¶q.£µvxc ª |¨+?:K A
(a1, . . . , an) → st(T1(ω), . . . , Tn(ω), a1, . . . , an)
v±m,n ª v±'c !|KqXn©vxqNsy|Ksamp§¯l¸av¯³Rc!upc!qµ´n©v¥¦a§±cqa._]m)¦T|saqaac!²ac!upv¯£~n©vx£c'm!¿  n¨I|§±§±| ª m%np_]n St ∈ S(n,2)(A).
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^_ycDav¯³Rc!upc!qVnpv¥§|Kc'u©~n©|Kuom ª _av±_e'|Kb$c½|Kq
v±qn©_yc vxqXn©c'u©npv±|Kq¦Xl]uon©m0¨I|Kuob>sa§±upc
DiSt = ∂aist(T1, . . . , Tn, ∆1, . . . , ∆n) ,
LSt = −
n∑
i=1
(
π(∆i) ∂
2
ai
st(T1, . . . , Tn, ∆1, . . . ., ∆n)
+(π′ + π
ρ′
ρ
)(∆i) ∂aist(T1, . . . , Tn, ∆1, . . . , ∆n)
)
,
σSt =
n∑
i=1
π(∆i) |DiSt|2 =
n∑
i=1
π(∆i) |∂aist(T1, . . . , Tn, ∆1, . . . , ∆n)|2 ,
γSt =
1
σSt
=
1
n∑
i=1
π(∆i) |∂aist(T1, . . . , Tn, ∆1, . . . ., ∆n)|2
.
gqa²§±§n©_ac!mpcewVs]qXn©v¯n©v±c!mb·Gl ¦c'|b3asµn©c'samov±qa ?Ù5A%qa ?ÙµA¿
^_yc,uoc'mpsy§xn ª _avx_²vxmsampc!v±q.moc'qamovxn©v¯£Nvxn¶l6!|Kb$asyn~n©v±|qam%v±m%np_ac¨I|K§±§x| ª v±qaa¿
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M-	N  &) H()7)6
 '8 

η
'8- )-
	 6
	
t, a, x
i) |∂ac(t, a, x)| ≥ η ,
?Ù A
ii) |1 + ∂xc(t, a, x)| ≥ η .
  5 α ∈ (0, 1/2) 
32 β > α   -)	F6
	,2
  @	N75!& : ' φ : R →
R
/0-"'8- -H!*) 
	 
	8/)- 1
32 	 6
	
n ≥ 1 
E(φ′(St) ∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)
= ∂xSt γSt LSt − γSt < DSt, D(∂xSt) >π −∂xSt < DSt, DγSt >π .
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  Å Å  	 ¾0c!n
n ∈ N∗ ¦c  µc' ¿ ¡ c §±upc'yl >Nqy| ª n©_]n St ∈ S(n,2)(A) ª v¯n©_
A = {Jt = n}
¿
h²|Kupc!|[£Kc'u!
∂xSt = ∂xst(T1, . . . , Tn, ∆1, . . . , ∆n)
qa
∂xst
vxm'|Kb$asynpc'­¦Vl np_ac
upc'!saupuoc'qa!c,uoc'§±n©vx|KqamB
∂xs0 = 1 ,
∂xst = (1 + ∂xc(ui, ai, sui−)) ∂xsui− +
∫ t
ui
∂xg(r, sr) ∂xsr dr , ui ≤ t < ui+1 .
^_ac'qvxn)vxmcGml n©|_ac'8> np_]n
∂xst
qa²v¯n©mac!upv¯£~n©vx£c'm ª v¯n©_upc'moTc!!n)n©| ai 
i = 1, . . . , n
upc
¦T|saqaac!²|Kq.n©_ycmpc!n {Jt = n} 4qa'|Kqamoc'wVsac!qVnp§xl
∂xSt ∈ S(n,1)(A)
¿
• kNsaa|KmpcMnp_]n n = 1 ¿ ¡ c ª v±§±§4samoceÊ5|Kup|§±§¥uol3µ¿ÓNymp| ª c_ac!8>·n©_]~n5n©_ycqa|Kqac'Kc!qac'up!l.!|Kqaav¯n©vx|Kq ?\ A%_a|K§±ym%n©upsyc¿  qac
_]m
∂a1st = ∂ac(u1, a1, su1−) +
∫ t
u1
∂xg(r, sr) ∂a1sr dr ,
mp|n©_]n'asamov±qa ?Ù A
|∂a1st| = |∂ac(u1, a1, su1−)| exp
(∫ t
u1
∂xg(r, sr)
)
≥ c
¨I|Kumo|Kb3c5T|Kmovxnpvx£KcD'|KqymonqVn
c
¿qa ?\ A¨I|K§x§±| ª m'¿ ¡ c5sampc%np_ac'q ?; Aqy ª cqa|n©v±!cn©_]n)¦Xl.|Ksyu_a|Kv±!c
|¨
π
np_ac
¦T|Kuoac'unpc'upb$m)uoce'qa!c'§±§xc' ¿
• kµsayT|Kmocqy| ª n©_]n n ≥ 2 ¿¶q3n©_yv±m½Gmoc ª c ª v±§x§asamocg^_ac!|Kupc!bµ¿Ï
qa$mp| ª c§±|N| > nrn©_ac,qa|Kq²ac'Kc!qac'up!l²'|qaavxnpv±|Kq ?(A¿kµvxqa'c
π
vxmr¦|Ksaqyac' n©_avxmgb3|KsyqVnpm
n©| ]qa
δ > 0
mosa_²np_]n)¨I|Ku
i = 1, . . . , n
E
[
1{Jt=n}
(
(1 + |π′(∆i)|) γ2St
)1+δ]
< ∞ . ?:5A
¡ c
upc!G§x§Rn©_an
π(y) =
k∑
i=0
(qi+1 − y)α (y − qi)α 1(qi,qi+1)(y)
]mo|
π′(y) = α (qi+1 − y)α−1 (y − qi)α−1 (qi − 2 y + qi+1)
vx¨
y ∈ (qi, qi+1)
= 0
vx¨
y ∈ (q0, qk+1)c .
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pK
¡ c>_y|µ|Kmoc
δ > 0
mpsa_ n©_an
2 α (1 + δ) < 1
qa
(1 − α) (1 + δ) < 1 ? ª _av±_ vxmT|Kmompvx¦a§±ce¦Tc!Gsympc
α ∈ (0, 1/2) A2¿)¶qÉ]un©v±!sa§¥u']mpvxqa'c ρ v±mr¦|Ksaqaac! |Kq I qy ∆i_]G£Kc ]qavxnpcb3|b3c!qVnpm|¨qXl |Kupyc'u'anp_av±mvx£Kc!m
E
(
π(∆i)
−2 (1+δ)
)
< ∞ qa E (|π′(∆i)|1+δ
)
< ∞ .
^_ac
aup|N|¨|¨+?: A%vxmavx³Tc'uoc'qXn)¨I|Ku
i = n
qa
i = 1, . . . , n − 1 ¿
^
>c aupmon
i < n
¿  qac½_]m |∂anst| = |∂ac(un, an, sun−)| exp
(∫ t
un
∂xg(r, sr)
)
≥ c 
mp|
σSt ≥ c2 π2(∆n)
¿Dkµv±qy'c
∆i
qa
∆n
upcv±qyac'c'qayc'qXnG
E
[
1{Jt=n}
(
(1 + |π′(∆i)|) γ2St
)1+δ] ≤ c−2 E
[
1{Jt=n}
(
(1 + |π′(∆i)|) π−2(∆n)
)1+δ]
= c−2 E
(
π−2 (1+δ)(∆n)
)
E
[
(1 + |π′(∆i)|)1+δ
]
< ∞ .
^
>cqa| ª i = n qa ª upv¯n©c σSt ≥ π2(∆n−1) |Dn−1St|2
¿¼mov±b$a§±c,'|Kb$asyn©n©vx|Kq
mp_a| ª m)n©_]n
∂an−1st = ∂ac(un−1, an−1, su−n−1) (1+∂xc(un, an, su
−
n
)) exp
(∫ t
un−1
∂xg(r, sr) dr
)
.
fmpvxqa?:K
A2 ª c5|K¦ynv±q ∂an−1st ≥ c > 0
mp|Mnp_]n
σSt ≥ c2 π2(∆n−1)
¿Ê5|Kqampc!wVsac'qXn©§¯l
E
[
1{Jt=n}
(
(1 + |π′(∆n)|) γ2St
)1+δ]
≤c−2 E
[
1{Jt=n}
(
(1 + |π′(∆i)|) π−2(∆n)
)1+δ]
=c−2 E
(
π−2 (1+δ)(∆n−1)
)
E
[
(1 + |π′(∆n)|)1+δ
]
< ∞ .
gqa.n©_ac
auo|µ|¨vxm'|Kb$a§xc!n©c¿
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π = 1
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σSt ≥ c
C {Jt = n}
	 
!)!
n ∈ N∗     -+56
1) 
	<5)!*)M3	N
!&  2
&5
	   @
	7'"!#
	' -")-8&  )  &.  ,	N. 8'888
	
  -"&F'(.& 2
&('58(2 ) [   ] 
êê/Ì
PQOQRS

J   !#52 
!)!* 
	
	1		N 
6
 
	N 88" 2
        "& (   #(&     & " "   ) "  #*  *,"
¶q n©_yv±m
mpc!!n©vx|Kq ª c$avx³Tc'uoc'qXn©v±n©c ª vxnp_ uoc'moTc!!nnp|np_acM}osab3On©vxb3c!m Ti  i ∈ N ¿6 nv±m ª c!§±§%>Vqa| ª q ? moc'c [  ] AMn©_]n,'|qaavxnpv±|Kqa§±§¯lnp| {Jt = n} np_ac·§± ª |¨%np_ac$£c'n©|Ku
(T1, . . . , Tn)
v±m¦amp|K§xsyn©c!§xle'|qVnpv±qVsa|Ksym ª vxnp_>upc!mpc'n{n©|gnp_ac¾0c'¦c'moKsac%b$cGmosaupc%qa_]mn©_ac¨I|K§x§±| ª v±qyac!qampv¯n¶l
p(ω, t1, . . . , tn) =
n!
tn
1{0<t1<...<tn<t}(t1, . . . , tn) 1{Jt(ω)=n} .
¶q]un©vx'sa§±u'G¨I|KurKvx£c'q
i = 1, . . . , n
!|Kqaav¯n©v±|q]§±§¯l)n©| {Jt = n} qyenp| {Tj, j 6=
i}  Ti v±msyqavx¨I|Kuob3§¯l
av±mn©uov±¦asynpc'¼|Kq [Ti−1(ω), Ti+1(ω)] ¿{kµ|v¯n{_]mnp_acac!qampv¯n¶l ? ª v¯n©_n©_ac
'|qV£c'qXn©vx|Kq
T0 = 0, Tn+1 = t)
pi(ω, u) =
1
Ti+1(ω) − Ti−1(ω)
1[Ti−1(ω),Ti+1(ω)](u) du, i = 1, . . . , n .
kµv±qa!c
pi
vxm,qa|nav¯³Rc!upc!qVnpv¥¦y§±c ª vxnp_ uoc'mpc'nnp| u  ª c·_a[£c3np|samoc3n©_yc3¨I|K§x§±| ª v±qa
ª c!v±K_Xn©mOB
πi(ω, u) = (Ti+1(ω) − u)α (u − Ti−1(ω))α 1[Ti−1(ω),Ti+1(ω)](u) , i = 1, . . . , n
ª vxn©_ α ∈ (0, 1/2) ¿¶q |Kupyc'u n©| an²v±q¹n©_ac«qa|n©n©vx|Kq¹¨Iup|Kb n©_ac ]upmnmoc'n©v±|q ª c«n©
>c Vi = Ti 
ki = 2, t
1
i = Ti−1
qa
t2i = Ti+1
¿ ¡ c_]G£c G = σ (∆i, i ∈ N) ∨ σ(Jt) ¿ ¡ c   nqa ª c ª |Ku<>.|Kqnp_acempc!n A = {Jt = n} ¿%^_yc'qÉ_XlNT|n©_ac!mpv±mMµ¿xTµ¿Ó$qaµ¿ ;3_a|K§xn©upsyc,qa
St = st(T1, . . . , Tn, ∆1(ω), . . . , ∆n(ω))
¿ÇkN|
St
vxm6 mov±b$a§±c.¨Isaqan©vx|Kq]§qa np_ac
¨Isaqa!npv±|Kq ª _yv±_ upc!aupc!mpc!qVnpm St vxm5n ª v±!cavx³Tc'uoc'qXn©v±¦a§±cgqa _]m'|KqXn©vxqVsa|Ksamac!upv¯£\´n©vx£c'm)|Kq n©_yc ª _y|K§±c Rn ¿{^_ac
av¯³Rc!upc!qVnpv¥§R|KTc!u©np|Kupm)upc
DiSt = ∂uist(T1, . . . , Tn, ∆1(ω), . . . , ∆n(ω)) ,
σSt =
n∑
i=1
πi(ω, Ti) |∂uist(T1, . . . , Tn, ∆1(ω), . . . , ∆n(ω))|2 ,
LiSt = −
(
π′i ∂uist + πi ∂
2
ui
st)(T1, . . . , Tn, ∆1(ω), . . . , ∆n(ω)
)
.
gqa²§±§n©_ac!mpcewVs]qXn©v¯n©v±c!mb·Gl ¦c'|b3asµn©c'samov±qa$¾0c'b$b· ;µ¿xK¿
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|q(t, a, x)| ≥ η > 0 ,
|(1 + ∂xc)(t, a, x)| ≥ η > 0 ,
	D(,
η > 0    5 α ∈ (0, 1
2
)   -9	96
	 n ≥ 4 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)5!*2
  @	85!& " '
φ
/0-"'8- -4!*) 
	9
	N/)- /D4-
6

E(φ′(St) ∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)
= ∂xSt γSt LSt − γSt < DSt, D(∂xSt) >π −∂xSt < DSt, DγSt >π .
  Å Å  	 ]up|Kb ?ÙK A ª cM>Nqy| ª n©_]n st(u, a) qaevxn©m0yc'upv¯£n©v¯£Kc'm0sy,n©|)|Kuoac'u0n ª | ª v¯n©_upc'moTc!!nn©|
ui

i = 1, . . . , n
upc ¦T|Ksyqaac'|Kq
[0, T ]n
¿ n¨I|K§x§±| ª m0n©_]~n St ∈ S(n,2)(A) ¿kNv±qa!c
πi
uoc¦T|saqaac! ]n©_ac
qa|Kq.ac!Kc'qyc'u©!l.'|qaavxnpv±|Kq ? K A%b$|KsaqXnpm)np|
E
[
1{Jt=n} γ
2(1+η)
St
]
< ∞ qa E
[
1{Jt=n} γ
2(1+η)
St
|π′i(Ti)|1+η
]
< ∞ ,
¨I|Kump|Kb$c
η > 0
¿
¾cn)samraup|[£Kcnp_]n
E
[
1{Jt=n} γ
2(1+η)
St
|π′i(Ti)|1+η
]
< ∞ ¿ ¡ c
ac!qa|n©c
δi = Ti −Ti−1

i = 1, . . . , n
mp|,np_]n
πi = δ
α
i δ
α
i+1
¿ ¡ csamoc ?:5A{v±q$|Kupyc'u½n©||¦ynvxq
σSt =
n∑
i=1
δαi+1 δ
α
i |∂uist(T1, . . . , Tn, ∆1, . . . , ∆n)|2 > ε2
n∑
i=1
δαi+1 δ
α
i .
kµv±qa!c
π′i(Ti) = α(−δα−1i+1 δαi + δαi+1 δα−1i )
 ª c$_a[£c3np|_yc'8> n©_]~nG0¨I|Kuc!£c'ul i =
1, . . . , n
E

(δα−1i δαi+1 + δαi δα−1i+1
)1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
 < ∞ .
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^
>c
i = 1
qa ª upvxnpc
E

(δα−11 δα2
)1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
 ≤ E
[
(δα−11 δ
α
2 )
1+η (δα2 δ
α
3 )
−2(1+η)
]
= E
(
δ
(α−1)(1+η)
1
)
E
(
δ
−α(1+η)
2
)
E
(
δ
−2α(1+η)
3
)
.
kµv±qa!c
δi
vxmcµT|qac'qXn©v±§±§¯lav±mn©upvx¦asynpc'O|¨ ]upb3cn©c!u
µ(R)
.qyc''c!mpmpuol«qy«mosy¨¥´
]'vxc'qXn>!|Kqaav¯n©v±|q vxq |Kuoac'uen©|²_]G£Kc
E(δ−pi ) < ∞
v±m
p < 1
¿.^_ac'q  ª c6_y|µ|Kmoc ηmpb3§±§c!qa|Ksa_ mpsy_ n©_]~n
(1 − α) (1 + η) < 1 qa α (1 + η) < 2 α (1 + η) < 1? ª _avx_¸v±meT|mpmpvx¦a§±c¦c''sampc 0 < α < 1/2 Aqa ª c6_]G£Kc E
(
δ
(α−1)(1+η)
1
)
< ∞ 
E
(
δ
−α(1+η)
2
)
< ∞ qa E
(
δ
−2α(1+η)
3
)
< ∞ ¿5kN|
E

(δα−11 δα2
)1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
 < ∞ .
¡ c ª upv¯n©cqa| ª
E

(δα1 δα−12 )1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
 ≤ E
[
(δα1 δ
α−1
2 )
1+η (δα3 δ
α
4 )
−2(1+η)
]
= E
(
δ
(α−1)(1+η)
2
)
E
(
δ
α(1+η)
1
)
E
(
δ
−2α(1+η)
3
)
, E
(
δ
−2α(1+η)
4
)
.
rc!G§x§±v±qyn©_an
δi
_]m ]qyvxn©cb$|Kb$c'qXn©m|¨ qVl>|Kupac!u'X¦Xl¼n©_yc_a|Kv±!c)|¨
η
 ª c)|K¦ynv±q
E

(δα1 δα−12 )1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
 < ∞ .
kµv±qa!c
n ≥ 4 Gn©_yc{m©b$c½upsab3c!qXn ª |u>Vm0¨I|Ku i = 2, . . . , n \qa
§xcGam np| E
[
1{Jt=n} γ
2 (1+η)
St
]
< ∞ ¿
èIéê0èIë
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 n = 2   -
(δα−11 δ
α
2 )
1+η
(
n∑
j=1
δαj+1 δ
α
j
)−2(1+η)
= (δα−11 δ
α
2 )
1+η δ
−2α(1+η)
2 (δ
α
1 + δ
α
3 )
−2(1+η)
=δ
−α (1+η)
2 ×
(
δ
−(α+1) (1+η)
1 + δ
−2 α (1+η)
3 δ
−(1−α) (1+η)
1
)
,
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α > 0

η > 0 
6Á 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• ¡ c
'|Kqympv±yc'un©_ac
Kc!|Kb$c!n©uov±'§Rb$|µyc'§B
dSt = St (r dt + α(t, a) dN(t, a)) .
¶qnp_av±m'mpc
g(t, x) = x r
qa
c(t, a, x) = x α(t, a)
¿{ n)¨I|K§±§x| ª mDn©_]n
q(t, a, x) = x ∂tα(t, a) + x r α(t, a) + x r − r(x + x α(t, a)) = x ∂tα(t, a) .
¶q·]un©vx'sa§±u'Kv¯¨
α
a|Nc'm qa|n ac!Tc!qa6|Kqn©_ycrnpv±b$cKn©_ycb$|µyc'§avxm yc'Kc!qac'upn©c!·¨Iup|Kb
n©_ac
|Kv±qXn|¨£Nv±c ª |¨n©_ac5}osab$ n©vxb3c!m'¿{^_ac
qa|Kqac!Kc'qac!u©l.'|Kqyavxnpv±|Kq uocGam
|∂tα(t, a)| ≥ ε .
 q np_ac
|n©_ac!u)_]qa.n©_ac
!|Kqaav¯n©v±|q |1 + ∂xc(t, a, x)| ≥ η uocGym
|1 + α(t, a)| ≥ η .
• ¡ c
'|Kqympv±yc'u)qa| ª  mov±'cO>·n¶lNTceb$|µac!§B
dSt = St r dt + α(t, a) dN(t, a) .
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¶qnp_av±m'mpc
g(t, x) = x r
qa
c(t, a, x) = α(t, a)
¿{ n)¨I|K§x§±| ª m5n©_an
q(t, a, x) = ∂tα(t, a) + x r − r(x + α(t, a)) = ∂tα(t, a) − r α(t, a) .
kµsaa|Kmpc>np_]n
α
a|µc!mqa|nyc'c'qa«|KqÉn©_yc>n©v±b$cmo|6n©_]~n
∂tα = 0.
^_ac!q«np_ac¼qa|Kq
ac'Kc!qac'up!lmpmpsyb3ynpv±|Kq.uocGam
|α(a)| ≥ ε .
^_ac
'|Kqayvxn©vx|Kq |1 + ∂xc(t, a, x)| ≥ η upc'am
|1 + α(a)| ≥ η .
      "  (
  
  
¶q.np_av±m5mpc'n©vx|Kq ª c¦auov±c  al6auoc'moc'qXn)n©_acav¯³Rc!upc!qVnpv¥§TG§x'sa§xsam ª v¯n©_ upc!mpc'nrnp|¼¦T|n©_qa|Kv±moc'm¼!|Kb3vxqa¨Iuo|Kbnp_ac,}osab$¬b3y§±vxnpsaac!m>qa ¨Iuo|Kbnp_ac,}osab$¸n©v±b$c'm!¿ kµ|Énp_ac
u©qay|Kb£uov¥¦a§xc'm ª vx§±§5¦c Vi = Ti, i = 1, . . . , n qa Vn+i = ∆i, i = 1, . . . , nqa G = σ(Jt) ¿ ¡ c·asynnp|KKcn©_ac!u,n©_yc·upc!mpsa§¯n©me¨Iup|Kb n©_yc3n ª | aupc£µvx|Ksam,mpc'n©vx|Kqam?:qa ª c >c'c'$n©_ac)qa|nnpv±|Kq¼n©_yc'upcA¿ ¡ c)monpv±§±§ampmosab3c)_XlNT|n©_ac!mpv±m1;y¿¯rqa ;y¿ÓN¿^_acavx³Tc'uoc'qXn©v±§R|Kc'upn©|upmrupc
DiSt = ∂uist(u1, . . . , un, ∆1(ω), . . . , ∆n(ω)), i = 1, . . . , n
= ∂ai−nst(T1, . . . , Tn, ∆1, . . . ., ∆n), i = n + 1, . . . , 2n .¡ c ª v±§x§Rsamocn©_ac ª c'v±_Vnpmyc ]qac!vxq6n©_ac
auoc!£Nv±|Ksymrmoc'n©v±|qam']q]b3c!§xl
πi(ω, u) = (Ti+1(ω) − u)α (u − Ti−1(ω))α 1[Ti−1(ω),Ti+1(ω)](u) , i = 1, . . . , n
πi(y) = π(y) =
k−1∑
p=1
(qp+1 − y)α (y − qp)α 1(qp,qp+1)(y) , i = n + 1, . . . , 2n ,
ª _ac'uoc α ∈ (0, 1
2
)
¿
¡ c
_]G£Kc
LiSt = −
(
π′i(Ti) ∂uist + πi(Ti) ∂
2
ui
st
) ¨I|Ku
i = 1, . . . , n ,
LiSt = −
(
π(∆i) ∂
2
ai
st + (π
′ + π ρ′)(∆i) ∂aist
) ¨I|Ku
i = n + 1, . . . , 2n .
v±q]§±§xl
LSt =
2n∑
i=1
LiSt
¿gg§x§0n©_ac!mpc>wVs]qXnpvxn©vxc'mrb·Gl¦c'|b3asµn©c'sampvxqa·n©_yc,¨I|Ku ´
b>sa§¥m5¨Iup|Kbn©_ac
auoc!£Nv±|Ksymrmoc'n©v±|qam'¿
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i) |q(t, a, x)| ≥ ε > 0 ,
ii) |∂ac(t, a, x)| ≥ ε > 0
iii) |(1 + ∂xc)(t, a, x)| ≥ ε > 0 .
 - 	,6
	 n ≥ 1 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
E(φ′(St)∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)
= ∂xSt γSt LSt − γSt < DSt, D(∂xSt) >π −∂xSt < DSt, DγSt >π .
  Å Å  	¡ c ª upv¯n©c
σSt ≥
(
πn(ω, Tn) |∂unst|2 + π(∆n) |∂anst|2
)
(T1, . . . , Tn, ∆1, . . . , ∆n)
≥ ε2 (πn(ω, Tn) + π(∆n)) ,
¨I|Ku{mp|Kb$c
ε > 0
¿^_ac!q µsympv±qyenp_ac)m©b$cn©upv >VmDm vxq$np_ac)aup|[£c'm5|¨0z{up|K|Kmovxn©vx|Kqam;y¿Ï
qa ;y¿¯K]|Kqacmo_a| ª mn©_ann©_ac
qa|qyc'Kc!qac'up!l ?(A%'|Kqyavxnpv±|Kq _a|§±am%npupsac¿
6Á 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¶q n©_avxmmoc'!npv±|KqR ª c6!|Kb$asyn©c3n©_ac,Lgc'§¯n|¨n ª | {saup|Tc'q |Kynpv±|KqamOB¼G§x§D|yn©vx|Kq
ª vxn©_ a[l|³ φ(x) = (x − K)+ qa¬avxKvxnpv¥§{|yn©vx|Kq ª vxnp_ ]GlK|³ φ(x) = 1x≥K ¿^_ac$mpmoc!n
(St)t≥0
¨I|K§±§x| ª mM.|qac´ av±b$c'qamov±|Kqa§ysaupc}osab$ av¯³Rsamov±|Kq yup|N'c'mom'¿ ¡ c
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sampcn©_yceqy|nnpv±|Kqym%¨Iup|Kb¢n©_ac
¦c'Kvxqaqav±qy¼|¨moc'n©v±|q ;y¿
¡ c²acG§ ª vxnp_°n ª |¸av¯³Rc!upc'qXn·asaupc¼}osab$ av¯³Rsamov±|Kq°b3|Nac!§±m'¿¹^_yc ]upmn6|Kqycv±m3
 mpvx'c>3n¶lµc
b3|Nac!§B
St = x −
∫ t
0
r (Su − α) du +
Jt∑
i=1
σ ∆i ,
?Ù A
qa n©_ac
moc''|qa|Kqycevxm)¼Kc'|Kb$c!npupvxG§Tb3|Nac'§7B
St = x +
∫ t
0
r Su du + σ
Jt∑
i=1
ST−
i
∆i .
?Ù J5A
¶q¹¦T|np_¹b3|Nac!§±m' ª cÉn >c ∆i ∼ N (0, 1)  i ≥ 1 ¿ ^_]n6v±m·¨I|Ku·§±§ i ≥ 1  ∆i
_]mn©_ac²ac'qayvxn¶l
p(x) =
1√
2 π
eρ(x)
 ª vxnp_ ρ(x) = −x
2
2
¿ dr|n©vx'c n©_]~n·c£Kc'q¹v¯¨
ρ
v±mgqy|n¦|Ksaqaac! |Kq
R
Tn©_yc>v±qXn©c!Ku©~n©v±|q¦XlÉ]uon©m¨I|Kupb>sy§¥3_y|K§±am¦Xl 3npupsaqa'n©syupc
upKsyb3c!qVn'¿
 saurvxb*v±mnp|3!|Kb3ysyn©c
∂xE(φ(ST ))
samov±qan©_yc,vxqVnpc'Kupn©vx|Kq.¦Xl.]uonpmr¨I|upb>sa§±
ac'uovx£Kc!²vxq n©_ac
auoc!£Nv±|Ksymrmoc'n©v±|qam'¿ ¡ c ª uovxnpc
∂xE(φ(ST )) =E (φ
′(ST ) ∂xST )
=E
(
φ′(ST ) ∂xST 1{JT =0}
)
+
∞∑
n=1
E
(
φ′(ST ) ∂xST 1{JT =n}
)
,
4|u
n ≥ 1  ª csamoc%n©_ac%vxqXn©c'u©npv±|Kq>¦Xl,]un©m¨I|Kuob>sa§¥r|Kq {JT = n} Kqa ª c|K¦ynv±q
E
(
φ′(ST ) ∂xST 1{JT =n}
)
= E
(
φ(ST ) Hn 1{JT =n}
)
,
ª _ac'uoc Hn vxm ª c'vxK_XnvxqV£|K§x£NvxqaMh²§±§xv¥G£Nv±q
ac'uovx£npvx£Kc!m|¨ ST qa ∂xST ¿{kNsab3b$v±qy|\£c'u
n = 1, 2, . . .
 ª c
|K¦yn©v±q
∂xE(φ(ST )) = E
(
φ′(ST ) ∂xST 1{JT =0}
)
+ E
(
φ(ST ) HJT (ST , ∂xST ) 1{JT≥1}
)
.
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¶q$|upac!u½np|
'|Kb$asynpc%n©_acn ª |enpc'upb$m{v±q¼np_ac)upv±_Vn_]qa$mpvxac|¨n©_acr¦|[£Kc)c'wVs]§xvxn¶l
ª cÉyup|N'c'c! m3¨I|§±§±| ª m!¿  q {JT = 0} %np_ac'uocÉv±m$qa|}osab$º|Kq ]0, T ] %n©_Vsam STqa
∂xST
mp|K§¯£KcMmo|Kb$cMac!npc'uob3vxqav±mn©v±rv±qXnpc'Kup§Tc!wVs]n©vx|Kq ¿¶q6np_accyb$a§xc'mDnp_]n ª c'|Kqamov±ac!upc! v±q«n©_avxm
]c'u'n©_ac$mp|§±synpv±|KqO|¨%np_ac'moc·c!wNsan©vx|Kqam,upc$cµa§xv±'v¯nGmp|n©_avxm
n©c'uob v±mecµa§xv±'v¯n©§¯l >Vqa| ª q ¿ ¡ c$b3[lOsympc3np_ac ]qavxnpc3yvx³Tc'upc!qa'c$b$c!n©_y|µ ¿64|u
np_ac'|Kb$asyn©n©vx|Kq
|¨an©_yc5mpc!'|Kqy>n©c'uob² ª c5samocMh²|qVnpc´ Ê%up§x|g§xK|Kuovxn©_yb²¿ ¡ cDmov±b>sy§¥npcmpb3y§±c (
(T kn )n∈N, (∆
k
n)n∈N
) 
k = 1, . . . , M
|¨Dn©_ac¼npv±b$c'meqaOn©_ac3b$a§±v¯n©sayc'm
|¨{n©_ac)}osab3ym'0qy ª c¼!|Kb$asyn©c,n©_ac>!|Kupuoc'moT|Kqyav±qa Jkt

SkT
 qa
Hk
Jk
T
¿^_ac!q ª c
ª upvxnpc
E
(
φ(ST ) HJT (ST , ∂xST ) 1{JT≥1}
)
' 1
M
M∑
k=1
φ(SkT ) H
k
Jk
T
1{Jk
T
≥1} .
¡ c!|Kb3ysyn©cMqy| ª n©_yceh§±§xv¥G£Nv±q ª c!v±K_Xn©m HkJT (SkT , ∂xSkT )
¨I|Ku%|Ksau5cyb$a§±c!m'¿  qac
b·Gl3sampc
¾0c'b$b3F;y¿¯Ky¦asµn)v±q6n©_ycM]un©v±!sa§¥u5Gmpc'mnp_]n ª cav±mo'samom)_ac'uoc ª c
_]G£Kccµa§±vx'v¯nmp|K§xsyn©vx|Kqam!¿½kµ|$av±uoc'!n)!|Kb$asyn~n©v±|qamuocebsa_²c'mpvxc'u!¿
• ¡ c ]uomon)monpsayl3n©_acav¯³Rsympv±|q6aup|N'c!mpmac]qac!²¦Xl ?:K A¿ ¡ cM_]G£c,q cµa§±vx'v¯ncµaupc!mpmov±|Kq²|¨
ST
|Kq {JT = n} B
ST = x e
−r T + α (1 − e−r T ) + σ
n∑
j=1
∆j e
−r (T−Tj) .
?Ù I A
¡ c
b3[l·sampcev±qXnpc'Kupn©vx|Kq ¦Xl.]uonpm ª vxn©_.uoc'mpc'nnp|¼n©_ac%}osab$²b3a§xvxnpsaac'm!µnp|np_ac}osab3 npv±b$c'm%|Kunp|$¦|np_|¨np_ac'b¿
∗   sab3b$a§±v¯n©saac!mB HJT
_]m¦Tc!c'qÉ'§±!sa§¥~n©c'²v±q
[

]
¿kµv±qy'c
∆i
v±m9Eesympmpv±q
av±mn©upvx¦asynpc' ¨I|Ku)§x§
i
anp_ac ª c!v±K_Xnrv±m π(ω, ∆i) = 1 4qy|q {JT = n}
Hn(ST , ∂xST ) =
n∑
j=1
er Tj ∆j
σ
n∑
j=1
e2 r Tj
.
?7;5A
∗   sab$.n©v±b$c'mOBmpsyaT|mpc
n©_]n n ≥ 4 qa JT = n ¿ ¡ c
sampc
n©_ac ª c'vxK_Xn©m
πi(ω, Ti) = (Ti+1 − Ti)α (Ti − Ti−1)α
qa ª c_]G£Kc π′i = α δα−1i+1 δα−1i (δi+1 − δi)

ª _ac'uoc δi = Ti − Ti−1 ¿{^_ac!q
DiST = σ ∆i r e
−r (T−Ti) ,
êê/Ì
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qa
LiST = −σ r ∆i e−r (T−Ti)
(
r πi + α (δi+1 δi)
α−1 (δi+1 − δi)
)
,
σST =
n∑
i=1
πi (σ r)
2 ∆2i e
−2 r (T−Ti) .
¡ c
ac!qa|n©c
¦Xl
Aj = α (δj+1 δj)
α−1 ∆2j e
2 r Tj ,
Bj = ∆
2
j e
2 r Tj
[
2 r πj + α (δj+1 δj)
α−1 (δj+1 − δj)
]
.
^_ac'q
DjσST = (σ r)
2 e−2 r T (Aj−1 δj−1 − Aj+1 δj+2 + Bj) .h²|Kupc!|[£Kc'u
∂xST = e
−r T mp|¼np_]n Di∂xST = 0 ¨I|Ku)§±§ i = 1, . . . , n ¿¡ c
_]G£Kceqa| ª np_ac
cµaupc!mpmov±|Kq²|¨§±§Tnp_acn©c!upb$mrvxqX£K|K§¯£Kc'v±q Hn  ª c
|K¦µnvxq
Hn =
n∑
i=1
∆i e
r Ti (r πi + α (δi+1 δi)
α−1 (δi+1 − δi))
σ r σ̂
−
n∑
i=1
πi ∆i e
r Ti (Ai−1 δi−1 − Ai+1 δi+2 + Bi)
σ r σ̂2
,
?7;µ A
ª _ac'uoc σ̂ =
n∑
i=1
πi ∆
2
i e
2 r Ti
¿
]|Ku
n = 1, 2, 3
 ª csamocgvxqVnpc'Kupn©vx|Kq¦Xl]uonpm ª v¯n©_$upc!mpc'!nDn©| ∆1 |Kqa§xl¿^_ac!q mpv±b$v±§±u '|Kb$asyn©n©vx|Kqam%Kv¯£Kc B
Hn =
e−r T1
σ ∆1
.
• ¡ c,mon©syyl²np_acr}osab$yvx³Tsampvx|Kqauo|µ!c'momMac aqac' ¦Xl ?Ù
J A2¿  q {JT = n}  ª c_]G£Kc
ST = x e
r T
n∏
j=1
(1 + σ ∆j) .
¡ ceb·Gl.qa|ngsamocvxqVnpc'Kupn©vx|Kq¦Vl]uon©m ª vxnp_uoc'mpc'ngnp|3n©_yc)}osab$npv±b$c'mr¦Tc!Gsympc
ST
ac!Tc!qaamr|Kq
T1, . . . , Tk
¦Xl b$cGqymr|¨
Jt
|Kqa§¯lK¿½kN| ª c
sampcev±qXn©c!Ku©~n©v±|q6¦Xl.]uonpm
èIéê0èIë
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¨I|Kupb>sy§¥ ª vxn©_upc'moTc!!nnp_acr}osab$Éb$a§xvxn©syac'mr|Kqa§¯lK¿  q {JT = n} Tnp_ach§x§±v±[£Nvxq
ª c!v±K_Xnrv±mvxq6n©_avxmr'mpc ?Impc'c [  ] AB
Hn(ST , ∂xST ) =
Bσ
σ x Aσ
+
1
x
− 2 Cσ
x A2σ
,
?7;K A
ª _ac'uoc Aσ =
n∑
j=1
1
(1 + σ ∆j)2

Bσ =
n∑
j=1
∆j
(1 + σ ∆j)
qa
Cσ =
n∑
j=1
1
(1 + σ ∆j)4
¿
   . %	!#%
 6 %	! )
¶qn©_avxmgmoc'!npv±|Kq ª c¼auoc'moc'qXnmpc£Kc!u©§qVsab$c'uov±'§c µTc!upv±b$c'qXnpmMv±q²|Kupac!unp|6'|Kb$]uocn©_aceh§±§±v±G£µvxq6yaup|X_6n©|¼n©_ac aqavxnpcMavx³Tc'uoc'qa!cb3cn©_a|N ¿ ¡ csampcMnp_acHEc'|Kb$c!npupv¯´
G§µb3|Nac'§yqa¼n©_yc  mpvx'cO>b$|µac!§aqy¼v±q>n©_ycmpc'!|Kqab$|µac!§ ª c)sampc%np_acrh§x§±v¥G£Nv±qG§x'sa§xsam ª vxn©_«upc!mpc'nn©|n©_ac3b$a§±v¯n©sayc'm|¨%np_acM}osab3 qa«n©|.n©_acM}osab$ npv±b$c'm'¿¡ ce§xmp|¼§±|N| >·nn ª |n¶lNTc!m|¨]Gl|³ mB G§x§R|Kynpv±|Kqym)qaav±Kv¯n§|Kynpv±|Kqym'¿^_ac!|Kb3aupvxmp|Kq°v±m$v±§±§xsamonpu©npc'­¦Xl°mo|Kb$cKupa_am3|Kq |Kqyc_]qy¹qaº¦Xl­c'b$avxupv¯´
G§{£upv±qa!cn©¦a§xc'me|Kq np_ac3|n©_ac!u,_]qa ¿ ¶q np_ac'moc3n©¦a§±c!m ª c·vx£Kc¼np_ac·c!b3avxupvxG§£upv¥qa'c6|¨rnp_ac6n ª | c!mon©vxb·~n©|Kuomac!qa|n©c!°¦Xl  uh§x§5c'mn©vxb·np|Ku>qa  u Lgv¯³c'monpv±b3n©|ugqy ª c¼'|b3]upcnp_ac'b¿ ¡ c¼§±mp| b$c'qXnpv±|KqÉvxqÉ|Ksaun¦a§xc'mgnp_ac>£§±syc|¨n©_acM£|K§¥npv±§xvxn¶l
σ
n©_an ª cesympc
qa np_ac'|Kuoupc!mp|Kqaavxqa>£upv±qa'cg|¨n©_acsaqyac'uo§xlNv±qayac'qa|n©c'¦Xl
V ariance(St)
¿ ¡ c
_a|N|Kmpcn©_yceau©b$c!npc'u
σ
v±q6np_ac¨I|K§±§x| ª vxqa ª Gl B
 ]|Ku5n©_ycec'|Kb$c!npupv±'§Rb$|Nac'§:µn©_yc
£uov¥qy'c|¨ St vxm
V ariance(St) = x
2 e2 r t
(
eσ
2 λ t − 1
)
.
¡ c¼n©
>c
λ = 1

r = 0.1

T = 5
qa
x = 100
¿$^_ac!q ¨I|Ku
σ ∈ [0.1, 0.6] 
1393.69 ≤ V ariance(ST ) ≤ 137264
¿
 ]|Ku5n©_yc  mpv±!c>·n¶lNc,b$|Nac'§: ª ce_a[£c
V ariance(St) = 2 α e
−2 r t (x − α) + λ σ
2
2 r
(
1 − e−2 r t
)
.
¡ c²n
>c
λ = 1

r = 0.1

T = 5

α = 10
qa
x = 100
¿Ç^_ac!q ¨I|Ku
σ ∈ [16, 50] ? qa|n©v±!cenp_]nMnp_ac¼aup!npv±'vxc'qamsampc σ = 20 n©| 30 vxqn©_yc  mpvx'cO>b3|Nac!§)A
1471.3 ≤ V ariance(ST ) ≤ 8563.69
¿
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¶q¹§±§|sau·mov±b>sa§±n©vx|Kqam ª cÉ_]G£Kcsampc! «£upv±qa!cupc!asan©v±|q b$c!n©_y|µ°¦]mpc!¹|Kq§±|NG§xv G~n©v±|q ? q]§x|KKsac!mn©| n©_yc |Kqac.v±qXn©uo|µysa'c!­vxq ¯[)qa çK A¿ ¡ c samoc.np_ac
¨I|K§±§x| ª vxqa¼¦yupc!£Nv±n©vx|KqamB
    B]gb$a§±v¯n©saycM|¨n©_ac5}osab$am
   ^ B   syb3.n©vxb3c!m
  L B4v±qyvxn©cgavx³Tc'uoc'qa!c'm
 E BEc'|Kb$c!npupvxG§Tb3|Nac'§
  B  mpvx'cO>6b3|Nac!§
 Ê%§±§0B Ê%§±§ |yn©vx|Kq
 Lgv± B½avxKvxn©§|Kyn©vx|Kq ¿
^_ac'q ?E
Lgvx   Aeb$cGqam,n©_]n ª cuoc6v±q¸np_ac Ec'|Kb$c!npupv±'§ b3|Nac'§@?EHA ª v¯n©_¬av±Kv¯n§0|yn©vx|Kq ?7Lv± A)qa ª c¼sampc>qO§±|Kupv¯n©_ab*¦ampc!«|qn©_ac>b3y§±vxnpsaac!m|¨{np_ac}osab3ym ?    A¿+?7E	 Lgv±~   AM£Kc'uompsam ?E
Lgvx L@A
b$cGqymn©_]~n ª c !|Kb$]upc3n©_ac!mpcn ª |$c'mn©v±b3np|Kupm!¿
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Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,λ=1,σ=0.2
using All Jump Amplitude
Finite Difference
v±Ksyupc) B E
c!|Kb$c!n©uov±'§Kb$|µac!§Ù¿$Lgc!§xn)|¨4q {saup|Tc'q'§±§X|Kµn©v±|q,samov±qaMh§x§±v¥G£Nv±q
G§x'sa§xsam¦]moc'|Kqnp_ac5}osab$²b3a§xvxnpsaac'm!aqy.np_ac ]qav¯n©c
avx³Tc'uoc'qa!c
b3cn©_a|N ¿
σ V ariance(ST ) V arMall V arDiff
0.1 1405.06 0.0717191 0.0697713
0.2 6183.72 0.345008 0.355809
0.3 16005.5 0.764091 0.752288
0.4 42590.8 1.33515 1.35804
0.5 69018.7 3.54353 2.87681
0.6 130425 4.65282 3.79088
^¦y§±c$ B  upv±qa!c|¨np_ach§±§±v±G£µvxq.c'monpv±b3n©|ur|¨{n©_ac,ac'§¯n·qa£upv±qa!c|¨np_ac
 LÈ¨I|KurÊ%§±§R|Kyn©vx|Kq ¿
G5|n©_²n©_ac,Ku©y_ qanp_ac,£uov¥qy'c,n©¦a§xc,mo_a| ª np_]nn©_acn ª |6b$c!np_a|µymgKv¯£Kc!|Kb¼´]u©¦a§±cuoc'mpsy§xn©m!¿
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Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,λ=1,σ=0.2
using All Jump Amplitude
Finite Difference
v±Ksyupc"B Ec'|Kb$c!npupvxG§Vb$|µac!§Ù¿ Lgc'§¯nM|¨q {sauo|KcGq¼avxKvxn©§V|Kynpv±|Kq>sympv±qyeh§±§xv¯´
[£Nvxq'§±!sa§±sym¦]mpc!|Kq np_ac5}osab3b$a§xvxn©syac'm!aqa ]qav¯n©cav¯³Rc!upc!qa'c
b$c!n©_y|µ ¿
σ V ariance(ST ) V arMall V arDiff
0.1 1405.06 0.000263425 0.00102718
0.2 6183.72 0.000917207 0.00164801
0.3 16005.5 0.000885212 0.00117345
0.4 42590.8 0.000685313 0.0013196
0.5 69018.7 0.000531118 0.000917399
0.6 130425 0.000310461 0.0003307
^¦y§±c:Br£upv±qa'c,|¨½n©_ac$h²§±§xv¥G£Nv±qc'monpv±b3n©|ug|¨½n©_yc¼ac'§¯n6qyO£uov¥qy'c>|¨{np_ac
 LÈ¨I|KuCLgv±vxn§R|Kynpv±|KqR¿
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G5|n©_ n©_yc Kupa_ qa np_acO£upv¥qa'cOn¦y§±cOmp_a| ª np_]n.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac§±K|upvxnp_ab+¦ampc!|Kqn©_ac>h§±§xv¥G£Nv±q '§±!sa§±sam)vxmmov±Kqav ]GqVnp§xl ¦c!non©c!urnp_]q²np_ac|qac
¦]mpc!²|qnp_ac ]qavxnpcavx³Tc'uoc'qa!c¿
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Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
v±Ksyupc;B  mpvx'c> b$|Nac'§:¿,Lgc!§xn©²|¨%q {sauo|KTc'q Ê%§±§{|Kynpv±|KqOsamov±qaÉh§x§±v¥G£Nv±q
G§x'sa§xsam6¦]moc' |Kq¹n©_yc3}osab3 b3a§xvxnpsaac'm!)qa ]qav¯n©cÉyvx³Tc'upc!qa'c b$c!np_a|Nº¨I|Ku 
av±Kv¯n§:¿
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	N 88" 2
σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.0106426 0.0300379
16.6667 897.577 0.0115955 0.0298567
17.6777 991.453 0.013123 0.0298904
18.8982 1134.11 0.0144516 0.0299574
20.4124 1313.42 0.0162378 0.029862
22.3607 1584.9 0.0178726 0.0298987
25 1967.53 0.0202055 0.0299007
28.8675 2604.22 0.0224265 0.0299651
35.3553 3961.31 0.0253757 0.0297775
50 7890.4 0.0287716 0.0299749
^¦y§±cH;B  mpv±!c> b$|µyc'§Ù¿  uov¥qa!c
|¨np_ac>h²§±§xv¥G£Nv±q c'mn©vxb·np|Ku|¨np_aceac'§¯n$qa
£upv¥qa'c|¨n©_yc,0LÇ|qac¨I|KurÊ%§±§R|Kyn©vx|Kq ¿
G5|n©_²n©_ac,Ku©y_ qanp_ac,£uov¥qy'c,n©¦a§xc,mo_a| ª np_]nn©_acn ª |6b$c!np_a|µymgKv¯£Kc!|Kb¼´]u©¦a§±cuoc'mpsy§xn©m!¿
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Nb MC
Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
v±Ksyupc) B  mov±!c>¼b$|µac!§Ù¿0Lgc'§¯n,|¨q {sauo|KcGq Lv±Kv¯n§a|yn©vx|Kq·samov±qa>h§x§±v¥G£Nv±q
G§x'sa§xsam6¦]moc' |Kq¹n©_yc3}osab3 b3a§xvxnpsaac'm!)qa ]qav¯n©cÉyvx³Tc'upc!qa'c b$c!np_a|Nº¨I|Ku 
av±Kv¯n§|Kynpv±|KqR¿
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	N 88" 2
σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 7.18878e − 005 0.00514743
16.6667 897.577 7.3629e − 005 0.00459619
17.6777 991.453 7.85552e − 005 0.00496369
18.8982 1134.11 8.14005e − 005 0.00477995
20.4124 1313.42 8.1627e − 005 0.00386111
22.3607 1584.9 8.06193e − 005 0.00496369
25 1967.53 7.94341e − 005 0.0062497
28.8675 2604.22 7.5835e − 005 0.00551488
35.3553 3961.31 6.95225e − 005 0.00459619
50 7890.4 5.64325e − 005 0.00533116
^¦y§±c
 B  mpv±!c> b$|µyc'§Ù¿  uov¥qa!c
|¨np_ac>h²§±§xv¥G£Nv±q c'mn©vxb·np|Ku|¨np_aceac'§¯n$qa
£upv¥qa'c|¨n©_yc,0LÇ|qac¨I|KuCLgv±vxn§R|Kynpv±|KqR¿
G5|n©_ n©_yc Kupa_ qa np_acO£upv¥qa'cOn¦y§±cOmp_a| ª np_]n.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac§±K|upvxnp_ab+¦ampc!|Kqn©_ac>h§±§xv¥G£Nv±q '§±!sa§±sam)vxmmov±Kqav ]GqVnp§xl ¦c!non©c!urnp_]q²np_ac|qac
¦]mpc!²|qnp_ac ]qavxnpcavx³Tc'uoc'qa!c¿
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Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
Loc,using Times of Jump
Finite Difference
v±Ksyupc$:B  mpvx'c> b$|Nac'§:¿,Lgc!§xn©²|¨%q {sauo|KTc'q Ê%§±§{|Kynpv±|KqOsamov±qaÉh§x§±v¥G£Nv±q
G§x'sa§xsam¦]moc'|Kqnp_ac5}osab$.npv±b$c'm!aqa ]qav¯n©cav¯³Rc!upc!qa'c
b$c!n©_y|µ ¿
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	N 88" 2
σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.0285123 0.0300379
16.6667 897.577 0.0417219 0.0298567
17.6777 991.453 0.0400695 0.0298904
18.8982 1134.11 0.0410136 0.0299574
20.4124 1313.42 0.0433065 0.029862
22.3607 1584.9 0.0400481 0.0298987
25 1967.53 0.0407136 0.0299007
28.8675 2604.22 0.0362728 0.0299651
35.3553 3961.31 0.0343158 0.0297775
50 7890.4 0.0333298 0.0299749
^¦y§±c:B£upv¥qa'c>|¨ np_ac$h§x§±v±[£Nvxq^v±b$c'mg|¨ }osab3 c!monpv±b3n©|Ku|¨ n©_ac¼ac!§xn© qa
£upv¥qa'c|¨n©_yc,0L ¨I|urÊ%§±§ |yn©vx|Kq.v±q n©_ac  mpv±!c>6b$|Nac'§:¿
G5|n©_²n©_ac,Ku©y_ qanp_ac,£uov¥qy'c,n©¦a§xc,mo_a| ª np_]nn©_acn ª |6b$c!np_a|µymgKv¯£Kc!|Kb¼´]u©¦a§±cuoc'mpsy§xn©m!¿
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Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using Times of Jump
Finite Difference
v±KsyupcrB  mov±!c>¼b$|µac!§Ù¿0Lgc'§¯n,|¨q {sauo|KcGq Lv±Kv¯n§a|yn©vx|Kq·samov±qa>h§x§±v¥G£Nv±q
G§x'sa§xsam¦]moc'|Kqnp_ac5}osab$.npv±b$c'm!aqa ]qav¯n©cav¯³Rc!upc!qa'c
b$c!n©_y|µ ¿
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σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.00144622 0.00514743
16.6667 897.577 0.00254652 0.00459619
17.6777 991.453 0.0018011 0.00496369
18.8982 1134.11 0.0109864 0.00477995
20.4124 1313.42 0.00177648 0.00386111
22.3607 1584.9 0.00152777 0.00496369
25 1967.53 0.0013786 0.0062497
28.8675 2604.22 0.00100181 0.00551488
35.3553 3961.31 0.000617271 0.00459619
50 7890.4 0.000373802 0.00533116
^¦y§±cB  mov±!c>b3|Nac!§Ù¿  upv±qa'cr|¨Tn©_acMh§±§xv¥G£Nv±q¼^vxb3c!mD|¨V}osab$·c'mn©vxb·np|Ku{|¨
n©_ac
ac!§xnqy.£uov¥qy'c|¨n©_ace L ¨I|KuCLgvxKvxn©§R|yn©vx|Kq ¿
G5|n©_ n©_yc Kupa_ qa np_acO£upv¥qa'cOn¦y§±cOmp_a| ª np_]n.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac§±K|upvxnp_ab+¦ampc!|Kqn©_ac>h§±§xv¥G£Nv±q '§±!sa§±sam)vxmmov±Kqav ]GqVnp§xl ¦c!non©c!urnp_]q²np_ac|qac
¦]mpc!²|qnp_ac ]qavxnpcavx³Tc'uoc'qa!c¿
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Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using Times of Jump
Finite Difference
using All Jump Amplitude
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σ V ariance(ST ) V arMallJT V arMallAJ V arDiff
15.8114 796.241 0.0285123 0.0106426 0.0300379
16.6667 897.577 0.0417219 0.0115955 0.0298567
17.6777 991.453 0.0400695 0.013123 0.0298904
18.8982 1134.11 0.0410136 0.0144516 0.0299574
20.4124 1313.42 0.0433065 0.0162378 0.029862
22.3607 1584.9 0.0400481 0.0178726 0.0298987
25 1967.53 0.0407136 0.0202055 0.0299007
28.8675 2604.22 0.0362728 0.0224265 0.0299651
35.3553 3961.31 0.0343158 0.0253757 0.0297775
50 7890.4 0.0333298 0.0287716 0.0299749
^¦y§±c,:BD£uov¥qy'c
|¨np_ach§±§xv¥G£Nv±q   ^ c!mon©vxb·~n©|Ku!a   c!monpv±b3n©|Ku)qa|¨n©_ac, L¨I|KurÊ%§±§R|Kyn©vx|Kq v±q np_ac  mpvx'c>·b3|Nac'§:¿
G5|n©_²n©_ac,Ku©y_ qanp_ac,£uov¥qy'c,n©¦a§xc,mo_a| ª np_]nn©_acn ª |6b$c!np_a|µymgKv¯£Kc!|Kb¼´]u©¦a§±cuoc'mpsy§xn©m!¿
èIéê0èIë
 
	

		 "!#$	%!&('
!)!*+,()-.!#
/01
32453!*'
+())6()74'893:
pµ
  		         y
	   Á ~        	    Á ~      
 0
 0.0005
 0.001
 0.0015
 0.002
 0.0025
 0.003
 0.0035
 0.004
 0.0045
 0  10000  20000  30000  40000  50000  60000  70000  80000
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Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
using Times of Jump
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σ V ariance(ST ) V arMallJT V arMallAJ V arDiff
15.8114 796.241 0.00144622 7.18878e − 5 0.00514743
16.6667 897.577 0.00254652 7.3629e − 5 0.00459619
17.6777 991.453 0.0018011 7.85552e − 5 0.00496369
18.8982 1134.11 0.0109864 8.14005e − 5 0.00477995
20.4124 1313.42 0.00177648 8.1627e − 5 0.00386111
22.3607 1584.9 0.00152777 8.06193e − 5 0.00496369
25 1967.53 0.0013786 7.94341e − 5 0.0062497
28.8675 2604.22 0.00100181 7.5835e − 5 0.00551488
35.3553 3961.31 0.000617271 6.95225e − 5 0.00459619
50 7890.4 0.000373802 5.64325e − 5 0.00533116
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